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Abstract

While there is a growing interest in the use of higher-
dimensional (≥4D) digital objects built from complex
real-world data, their construction is in practice ham-
pered by a lack of methods and algorithms. We present
in this paper a dimension-independent extrusion algo-
rithm for linear geometries using generalised maps. It
permits us to create an (n+ 1)-dimensional model from
an n-dimensional one by assigning it a range along the
(n + 1)-th dimension. We present our algorithm, which
both optimal and straightforward to implement, using
generalised maps as a base, and report on experiments in
which 2D real-world GIS datasets were extruded to 3D
and 4D.

1 Introduction

ere is substantial and growing interest in the use of
higher-dimensional (≥4D) digital objects that are built
from complex real-world data. is form of representa-
tion is popular in the literature as a conceptually straight-
forward extension of 2D/3D models. In geographic in-
formation systems (GIS), these can be generated through
the integration of 2D/3D space with time [Worboys,
1994] and/or scale [van Oosterom and Meijers, 2011],
among others. However, actual use of these higher-
dimensional objects has not yet been widely realised.

From a modeller’s perspective, the first obstacle that is
found is a general lack of high-level techniques to create
these higher dimensional objects. For construction, ex-
isting techniques for higher-dimensional data are mostly
limited to data composed of points, or geometric sim-
plicial complexes [Karimipour et al., 2010] that are built
with only points as input. is significantly restricts the
class of objects that can be modelled.

We are therefore interested in operations that allow the
representation of cellular complexes, which are far less
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restrictive. A cellular complex, or cell complex, is a sub-
division of space into cells, so that an i-dimensional cell
(i-cell) is an object homeomorphic to an i-ball (e.g. point,
segment, disk, ball, etc.). Every i-cell in the complex has
a number of (i−1)-cells (faces) as its boundary, and these
faces are also part of the complex.

Within the range of possible data structures to rep-
resent cell complexes, ordered topological models are
particularly useful since the ordering information kept
within them can be used to efficiently traverse the struc-
ture. In particular, we use here one such model: gen-
eralised maps [Lienhardt, 1994], which are briefly pre-
sented in Section 2. ese allow us to represent a wider
range of objects than cell complexes: objects of hetero-
geneous dimensions can be modelled. While there are
other structures that are able to represent even larger
classes of objects, such as non-manifolds [Bieri and Nef,
1988], these are significantly more complex, and are very
difficult to implement in a dimension-independent man-
ner. Moreover, we limit ourselves to cellular complexes
consisting solely of unique linear geometries (i.e. points,
line segments, polygons, polyhedrons, etc., from which
no two are identical), which allow us to make assump-
tions that simplify their use significantly.

For GIS datasets, we believe that two construction
techniques cover the majority of the cases found in prac-
tice: incremental construction and extrusion. Both are
part of our ongoing work. e first one, incremental con-
struction, builds individual i-cells in a cell complex from
their unconnected (i − 1)-dimensional faces, which in-
volves correctly generating the topological relationships
that exist between the different dimensional objects.

e second one, extrusion, is the focus of this paper
and is presented in Section 3. In GIS, extrusion ‘lis’ a
n-dimensional model into (n+1)-dimensional space by
assigning each n-dimensional object a range along which
it exists, generating a set of prismatic polytopes. A com-
mon use is in 3D city modelling, where a 3D model of
a building is commonly constructed from its footprint
and a height value [Ledoux and Meijers, 2011], data that
are easy to obtain in practice (e.g. cadastral parcels + air-
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borne laser). An example of this is shown in Figure 1.
If other dimensions are added, such as the construction
and the demolition dates, the 3Dmodels can be extruded
into a four- or higher-dimensional model.

A
B

C

(a) Building footprints (b) Aer extrusion

Figure 1: Extruding a set of three building footprints by
their heights is used to generate a 3D city model [Ledoux
and Meijers, 2011].

Within this paper, we limit ourselves to extruding all
objects along the same range, something that in gener-
alised maps is combinatorially equivalent to a cartesian
product with an edge [Lienhardt et al., 2004]. However,
unlike a cartesian product, our approach works on both
geometry and topology, is simple to implement, and is
designed to be extended to support extrusion to differ-
ent ranges (per object), as expected in 2D/3D GIS. Like
the cartesian product, our method is optimal in time and
works in any dimension.

We report on experiments that demonstrate how our
algorithm works in Section 4, creating topologically con-
sistent objects in any dimension. We finish with our con-
clusions and discussion in Section 5.

2 Generalised maps

Generalised maps (G-maps) are an ordered topological
model in arbitrary dimensions developed by Lienhardt
[1994] based on the concept of a combinatorial map,
which is used to describe the 2D surfaces of 3D objects.
ey are roughly equivalent to the cell-tuple structure of
Brisson [1989], but have been shown to be able to rep-
resent a wider class of objects known as cellular quasi-
manifolds—a combinatorial simplicial decomposition of
a quasi-manifold1 which has been structured into cells.
Note that unlike in a geometric simplicial decomposi-
tion (i.e. nD triangulation), constraints are not needed
to make the decomposition conform to the shape of the
object.

¹A specific combinatorial interpretation of the concept of a mani-
fold. See Lienhardt [1994] for details.

A generalised map is composed of two elements: darts
and involutions between them (α). e precise definition
of a dart is related to the underlying simplicial decompo-
sition of the object, each dart being equivalent to a sim-
plex in it. However, a dart can be intuitively seen as a
unique combination of a specific cell of each dimension,
all of which are incident to each other. Involutions are bi-
jective operators connecting darts that are related along
a certain dimension. In this manner, α0 joins darts into
edges, α1 connects consecutive edges within a facet, α2

connects adjacent facets within a volume, and so on.
More formally, a n-dimensional generalised map

(n-G-map) is defined by a (n + 2)-tuple G =
(D,α0, . . . , αn), whereD is a non-empty set of darts,αi

is an involution (i.e.∀d ∈D,∀0 ≤ i ≤ n,αi(αi(d)) = d),
and ∀d ∈D,∀0 ≤ i < i+ 2 ≤ j ≤ n, αi(αj(d)) is also an
involution. ese conditions respectively enforce sym-
metry and completeness when joining darts.

e aforementioned elements are sufficient to repre-
sent the combinatorial structure of a generalised map.
However, to represent the geometry and other charac-
teristics of the model, additional embedding structures
are needed. Each of these structures stores the infor-
mation of one cell of a certain dimension, so that an i-
embedding contains the pertinent information of an i-
cell. Since only linear geometries are required, only the
0-embeddings (point embeddings) are strictly necessary,
which store the coordinates of each vertex [ArroyoOhori
et al., 2013].

3 Extrusion

Our extrusion algorithm takes two input arguments: an
(n − 1)-G-map, representing a set of (n − 1)-polytopes
as a cell complex embedded into (n − 1)-dimensional
space, and a given range [rmin, rmax] where these will
exist along an n-th dimension, which is orthogonal to
all others. Its result is an n-G-map representing a set
of prismatic n-polytopes, the n-dimensional analogue of
a set of prisms. Intuitively, this new cell complex con-
sists of ‘base’ and ‘top’ (n − 1)-cells (faces) constructed
from the original cell complex, with rmin and rmax re-
spectively added as n-th coordinates in their point em-
beddings. ese ‘base’ and ‘top’ are joined by a set of ad-
ditional prismatic faces linking corresponding (n − 2)-
cells (ridges) of the base and top cells.

As stated previously, the use of G-maps makes it pos-
sible to separate the combinatorial (topological) and em-
bedding (geometric) aspects of an algorithm. Our extru-
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sion algorithm follows this approach, operating on the
combinatorial and embedding structures separately.

Combinatorially, the end result is an n-dimensional
cell complex where every i-cell ∀0 ≤ i < n in the input
cell complex has been converted into two i-cells, respec-
tively belonging to the base and top, and a prismatic (i+
1)-cell lying between them. erefore, extruding an i-th
dimensional embedding (i-embedding) results in two i-
embeddings (base and top) and one (i + 1)-embedding.
In the case of linear geometries this is simpler: only when
extruding a 0-embedding two additional 0-embeddings
are created, one with an appended rmin coordinate, and
one with an rmax one. e extrusion algorithm for em-
beddings then receives a set of embeddingsE and a range
[rmin, rmax], and returns a set of extruded embeddings
E′, as well as three functions E → E′ linking corre-
sponding unextruded (input) and extruded (output) em-
beddings: base, top and ex. It is presented in Algo-
rithm 1.

Algorithm 1: EE
Input :E, [rmin, rmax]
Output:E′ , base, top, ex
foreach e ∈ E do

base(e), top(e), ex(e)← e
if e.dimension = 0 then

Append rmin to base(e)’s coordinates
Append rmax to top(e)’s coordinates

ex(e).dimension← ex(e).dimension + 1
Put base(e), top(e) and ex(e) inE′

Our algorithm to generate the combinatorial struc-
ture then works by iteratively generating ‘layers’ of darts,
assigning them their correct embeddings, and linking
them appropriately. e relationships between the darts
and their corresponding embeddings are expressed in
terms of the input (unextruded) generalised map. In
this manner, the input consists of an (n − 1)-G-map
G = (D,α0, . . . , αn−1), the sets of embeddings E and
E′, the previously generated functions base, top and ex,
and functions ei ∶ D → E and e′i ∶ D′ → E′ connect-
ing darts to their corresponding i-embeddings. e out-
put then consists of an n-G-mapG′ = (D′, α′0, . . . , α′n).
Observe that G′ has one more involution than G. e
procedure to extrude the combinatorial structure is pre-
sented in Algorithms 2 (complete) and 3 (for one layer),
and a layer-by-layer example is shown in Figure 2.

If we denote the embedding of an input i-cell as e,
we will identify the base i-embedding of the output as
base(e), the top i-embedding as top(e), and the (i+1)-
embedding between them as ex(e). If we denote an in-

put dart as d, we will denote its corresponding dart in the
last layer of the output as last(d), the one in the current
layer as cur(d), the dart linked to d by an i-involution as
αi(d), and the i-embedding of d as ei(d).

Algorithm 2: GME
Input :G = (D,α0, α1, . . . , αn−1),E,E′ , base, top, ex, e, e′

Output:G′ = (D′, α′0, α
′
1, . . . , α

′
n)

for dim← n to 0 do
GML(G,G′, dim,1, last,E,E′, e, e′, base, ex)
last← cur

for dim← 0 to n do
GML(G,G′, dim,0, last,E,E′, e, e′, top, ex)
last← cur

Algorithm 3: GML
Input :G = (D,α0, α1, . . . , αn−1),G′ = (D′, α′0, α

′
1, . . . , α

′
n),

dim, offset, last,E,E′ , e, e′ , el, ex
Output:G′ = (D′, α′0, α

′
1, . . . , α

′
n), last, cur, e

′

foreach d ∈D do
cur(d)← new dart
Put cur(d) inD′

foreach d ∈D do
for inv ← 0 to dim − 1 do

α′inv(cur(d))← cur(αinv(d))

α′dim+offset(cur(d))← last(d)
α′dim+offset(last(d))← cur(d)
for inv ← dim + 2 to n do

α′inv(cur(d))← cur(αinv−1(d))
for emb← 0 to dim do

e′emb(cur(d))← el(eemb(d))
for emb← dim + 1 to n do

e′emb(cur(d))← ex(eemb−1(d))

Extruding ann-G-map into an (n+1)-G-map involves
the creation of 2n + 2 layers, each of which has the same
number of darts as the input generalisedmap. Also, every
embedding is extruded into 3 new embeddings (top, base
and ex).

Since we generate only the required number of darts
and embeddings, and since every one of these is gener-
ated in constant time (assuming constant time access to
specific darts in the base, last and current layers of darts),
our algorithm is optimal in time. Indeed, it is linear in
the number of darts in the input (and thus output) gen-
eralised map.

4 Examples and experiments
Wehave implemented the extrusion algorithm in Python
and tested it with a few 2D datasets in the area of
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1. input (dim = 3) 2. new layer with dim = 2

3. new layer with dim = 1 4. new layer with dim = 0

5. new layer with dim = 0 6. new layer with dim = 1

7. new layer with dim = 2 8. output (dim = 3)

Figure 2: e steps in the liing of a 2-G-map of two ad-
jacent triangles into a 3-G-map of two adjacent triangu-
lar prisms. Every step represents a new layer of 12 darts
(which is the number of darts in the input triangles).

Del. esewere read using the Python Shapefile Library
(pyshp)2 and put into a 2-G-map.

For the first test, an area of the TOP10NL3 dataset
comprising the footprints of the 183 buildings in theDel
city centre with no elevation (Fig. 3a) was extruded along
the range [0,15] (Fig. 3b). is created a pseudo 3D city
model of the area, where all buildings have a height of
15 metres. We have experimentally verified that our al-
gorithm and its implementation are correct by using the
procedure described in Ledoux and Meijers [2011]. e
model was thuswritten into a TetGen⁴ .poly file and tetra-
hedralised using the same soware. Since the tetrahe-
dralisation algorithm [Si and Gärtner, 2005] reports in-
tersecting cells and removes the facets that do not bound
a 3-cell, we are able to validate our model using this
method. emodel was tetrahedralised successfully with
no buildings missing.

(a) In the TOP10NL dataset (b) Aer extrusion and tetrahedral-
isation (perspective projection of 0-,
1- and 2-cells only)

Figure 3: Extruding the Del city centre.

For the second test, we used the footprint of the
Aula Congress Centre in the TU Del campus from the
GBKN⁵ dataset (Fig. 4a). It was put into a 2-G-map
with 28 darts, 14 0-cells, 14 1-cells and 1 2-cell, which
was extruded along the range [0,25]m to construct a
3D model (Fig. 4c), and extruded again along the range
[1960,2060] years for a 4D (3D+time) model. e
model was created with no reported errors, resulting in
1344 (28 × 6 × 8) darts, 56 0-cells, 112 1-cells, 74 2-cells,
18 3-cells and 1 4-cell. We tested it by verifying that the
number of darts and embeddings in it matched the the-
oretical values, by performing simple validation tests on
its geometry and topology, and visually using a 4D to 3D
parallel projection.

²http://code.google.com/p/pyshp/
³http://www.kadaster.nl/top10nl/
⁴http://tetgen.berlios.de
⁵http://www.gbkn.nl

4

http://code.google.com/p/pyshp/
http://www.kadaster.nl/top10nl/
http://tetgen.berlios.de
http://www.gbkn.nl


(a) Input footprint

(c) Aer the second extrusion (double per-
spective projection of 0- and 1-cells only)

(b) Aer the first
extrusion

Figure 4: Extruding the Aula Congress Centre in the TU
Del campus.

5 Discussion
We have shown that it is possible to use our algorithm to
extrude (n − 1)-dimensional cell complexes represented
as G-maps into n-dimensional ones. Our algorithm is
optimal in time and easy to implement. It has important
benefits over the only other known algorithm (a carte-
sian product with an edge [Lienhardt et al., 2004]): (i)
both geometry and topology are addressed; (ii) it can be
extended so thatmultiple ranges are considered when ex-
truding (by detecting overlapping ranges between neigh-
bouring darts); (iii) it can handle datasets that are larger
than memory since only three layers of darts need to be
kept in main memory at a time.
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