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Abstract

The transition towards sustainable energy systems presents significant analytical challenges. Urban
distribution networks are characterised by heterogeneous data sources, complex physical hierarchies,
and pronounced temporal variability in both demand and generation. Effective planning therefore
requires tools that can integrate diverse datasets, respect electrical constraints, and generate inter-
pretable results that are directly useful for decision-making.

This thesis develops a methodological framework that integrates knowledge graphs (KGs) and graph
neural networks (GNNs) to identify and characterise energy communities in low-voltage urban net-
works. The KG provides a semantic backbone for representing buildings, grid hierarchies, and tem-
poral energy states in a physically faithful manner. The GNN builds on this representation through
constraint-aware learning, discovering communities that are both infrastructure-consistent and tempo-
rally complementary.

The research was guided by four questions. RQ1 investigated which nodes, attributes, and edges are
essential for energy network representation in a KG. The study identified buildings, LV cable groups,
transformers, and adjacency clusters as the core entities, enriched with both spatial and non-spatial
attributes. RQ2 examined how heterogeneous urban energy datasets can be integrated into a KG to
reflect system complexity. A unified data pipeline was developed, enabling automated construction and
updating of the KG from diverse sources while preserving grid topology and physical constraints. RQ3
explored how KGs and GNNs can be combined to enhance clustering and analysis of energy systems.

A complementarity-aware GNN architecture with custom loss functions was implemented, embedding
grid boundaries and load-balancing rules to ensure physically valid and interpretable clustering out-
comes. RQ4 focused on identifying suitable GNN approaches for time-based and dynamic clustering
and evaluating their performance. Temporal modules and constraint-aware pooling mechanisms were
applied, with performance assessed using metrics such as cluster cohesion, complementarity, and
self-sufficiency.

In conclusion, the integrated framework achieved composite community quality Qc = 0.623, temporal
stability St = 0.85, and LV compliance RLV = 0.92, meeting predefined performance targets. While the
KG construction pipeline demonstrated robust automation and scalability potential, the GNN compo-
nent delivered only modest performance gains over simpler clustering baselines at the tested scale,
while requiring substantially higher computational effort. The primary contribution therefore lies in
establishing a methodological foundationðautomated graph construction and constraint-aware learn-
ing architectureðthat provides scalability for future large-scale, heterogeneous urban energy systems
where GNNôs representational capacity becomes essential.

Furthermore, the framework offers methodological innovation through automated KG construction and
constraint-aware GNN architecture, establishing a validated foundation for large-scale energy sys-
tem analysis. At the tested scale (63 buildings), simpler clustering methods may offer better cost-
effectiveness; the GNN componentôs value emerges in complex scenarios (>500 buildings, dynamic
DER, multi-objective optimization) where architectural sophistication becomes necessity rather than
luxury.
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Nomenclature

Abbreviation Definition

AC Alternating Current
ARI Adjusted Rand Index
BCE Binary Cross-Entropy
DER Distributed Energy Resources
DSO Distribution System Operator
ECE Expected Calibration Error
EV Electric Vehicle
GAT Graph Attention Network
GCN Graph Convolutional Network
GNN Graph Neural Network
GRU Gated Recurrent Unit
HCR Multi-hop Contribution Ratio
KG Knowledge Graph
LV Low Voltage
MV Medium Voltage
PV Photovoltaic
UQ Uncertainty Quantification

Symbol Definition Unit

G = (V; E) Graph with node set V (buildings) and edge set E (connec-
tions)

[ï]

A Adjacency matrix of G [ï]
xi(t) Time series signal of building i (e.g., net load) [kW]
~Li;t Standardized net-load time series of building i [ï]
�ij Correlation coefficient between buildings i and j [ï]
Cij Complementarity score (1��ij)=2 between buildings i and

j
[ï]

Ck Set of buildings in cluster k [ï]
c(i) Cluster assignment of building i [ï]
K Number of clusters (global or per LV feeder) [ï]
LV(i) LV group identifier of building i [ï]
N (i) Neighborhood of node i (1-hop unless specified) [ï]
dij Electrical or spatial distance between nodes i and j [m] or [ï]
rij Edge impedance/resistance proxy [ï]
hi Node embedding in GNN layers [ï]
�ij Attention weight from node i to j [ï]
M LV boundary mask applied to assignment logits [ï]
S Soft cluster assignment matrix in pooling layers [ï]
ztemp

i Temporal embedding of building i [ï]
�r(h) Average h-hop correlation of node embeddings [ï]
HCR Multi-hop contribution ratio [ï]
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iv

Symbol Definition Unit

pi Soft assignment/probability vector for building i [ï]
ŷi Pseudo-label of building i [ï]
�i Fused confidence score for pseudo-label acceptance [ï]
�t Confidence threshold at training stage t [ï]
�min Minimum confidence threshold [ï]
� Threshold decay factor in curriculum schedule [ï]
� Regularization coefficient in semi-supervised objective [ï]
�Q Weight for cluster-quality loss component [ï]
�S Weight for cluster-size regularization [ï]
�LV Weight for LV-boundary violation penalty [ï]
�R Weight for embedding regularization term [ï]
1f�g Indicator function [ï]
Qc Community quality score (complementarity + spatial coher-

ence)
[ï]

St Temporal stability metric of cluster assignments [ï]
RLV LV-boundary compliance rate [ï]
mean

(W;f)
t Rolling average for feature f over window W [ï]

std
(W;f)
t Rolling standard deviation for feature f over window W [ï]

�(v) Hierarchical positional encoding of node v (building, feeder,
transformer)

[ï]

	(v; t) Nodeïtime feature map after preprocessing [ï]
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1
Introduction

The global energy sector is undergoing a profound transformation driven by the dramatic escalation
of energy demand and the depletion of fossil fuels becoming an undeniable trend, as surveyed by
Aniakor et al. (2024) [3] and Pritoni et al. (2021) [48]. This shift toward renewable energy integration
fundamentally alters the architecture of energy systems, moving from traditional centralized power
generation to increasingly decentralized networks of distributed energy resources, which introduces
unprecedented operational complexities in system coordination and management.

This structural transformation creates multifaceted challenges for modern energy infrastructure. Decen-
tralized energy systems must now coordinate diverse generation sources with varying output patterns,
manage bidirectional power flows, and accommodate real-time demand response mechanisms, a point
emphasized by Aniakor et al. (2024) [3] and Pritoni et al. (2021) [48]. These operational complexities are
further compounded by the need for more sophisticated monitoring, control, and optimization capabili-
ties across distributed networks, which require more flexible, data-driven decision-making capabilities
than traditional centralized systems can provide.

Among these emerging challenges, data management has become a critical bottleneck in the evolution
of intelligent energy systems. The transformation has resulted in the generation of vast amounts of
diverse and often unstructured data from multiple sources, posing significant challenges to traditional
energy management systems that are predicated on centralized control and structured data formats,
as documented by Aniakor et al. (2024) [3] and Pritoni et al. (2021) [48]. Popadiĺ et al. (2023) [46]
emphasize the difficulties in managing the massive and heterogeneous data volumes in modern energy
systems, clearly demonstrating that traditional data processing methods are insufficient to address the
complexity of contemporary energy networks. Furthermore, the datasets storing energy data are often
incompatible with intelligent analysis applications due to differences in format and intelligent analysis
algorithms such as neural networks, which hinders the further intelligence of urban energy data and the
development of various intelligent analyses including neural network analysis and cluster analysis; this
concern is echoed by Guo (2024) [19] and Liu et al. (2023) [34]. This necessitates the establishment
of interconnected data structures capable of accommodating and uniformly managing diverse types
of energy data to support advanced analytics capabilities essential for next-generation energy system
optimization.

Local power grids face multifaceted challenges in energy management, with the most prominent issue
being the temporal and spatial misalignment in supply-demand matching. Due to the absence of effec-
tive intelligent scheduling mechanisms, local energy production and consumption often fail to achieve
dynamic equilibrium, resulting in suboptimal energy allocation efficiency. Temporal supply-demand
imbalances pose severe challenges, where buildings equipped with solar photovoltaic (PV) systems
generate substantial electricity during daylight hours when solar irradiance is abundant, yet their own
electricity consumption is relatively low. Conversely, commercial buildings or residential areas require
significant power supply during nighttime peak demand periods when solar generation capacity is lim-

1



1.1. Background 2

ited. This temporal mismatch leads to energy resource waste and supply-demand gaps; Murphy et
al. (2023) [39] further substantiate this phenomenon through their analysis of temporal complementar-
ity in variable renewable energy (VRE) resources, finding that individual types of renewable energy
generation exhibit distinct temporal variability characteristics.

Spatial distribution imbalances exacerbate allocation challenges, where different regions and building
types exhibit significant variations in energy production and consumption characteristics, yet existing
grid management systems lack sophisticated regional coordination mechanisms, preventing effective
cross-regional energy allocation and complementarity. From a geographical distribution perspective,
Murphy et al. (2023) [39] demonstrate that renewable energy resources in different regions exhibit dif-
ferentiated complementarity characteristics: in the western United States, wind and solar PV resources
show excellent co-located complementarity; in the wind belt and surrounding areas, co-located wind
and PV resources demonstrate high complementarity; while in the northeastern and southeastern re-
gions, the complementarity intensity among various renewable energy resources varies significantly
across regions. This spatial heterogeneity underscores both the importance and complexity of estab-
lishing cross-regional coordination mechanisms. Energy complementarity emerges as a fundamental
solution to these temporal and spatial misalignments, offering a pathway to optimize resource utilization
through intelligent clustering and coordination of complementary energy profiles.

Traditional correlation-based approaches for assessing energy complementarity have shown significant
limitations in capturing the true nature of temporal relationships between energy profiles, as argued by
Cantor et al. (2022) [10]. Beyond static correlation measures, advanced complementarity assessment
methods have demonstrated substantially improved accuracy in identifying optimal building clusters
that can achieve genuine load balancing and peak shaving effects. In particular, dynamic energy pro-
file analysis has proven essential for identifying truly complementary energy consumersðfor instance,
pairing industrial facilities with residential areas can achieve significant peak reduction with limited pop-
ulation participation, as illustrated by Xiao et al. (2023) [64].

Despite the theoretical promise of energy complementarity and advanced assessment approaches,
several critical implementation barriers prevent their widespread adoption in real-world energy sys-
tems. The widespread adoption of renewable energy systems (RES) introduces system-level grid
stability challenges. Barone et al. (2023) [6] indicate that large-scale RES integration leads to sig-
nificantly increased grid fluctuations, potentially triggering serious power quality issues such as voltage
and frequency imbalances. The inherent unpredictability characteristics of RES, combined with the de-
centralization trend in energy production, present unprecedented challenges to traditional centralized
grid management paradigms. This volatility stems not only from the intermittent nature of renewable
energy resources but is also closely related to their distributed deployment patterns, where dispersed
generation units significantly reduce overall system predictability and controllability.

From a data integration perspective, the datasets storing energy data are often incompatible with in-
telligent analysis applications due to differences in format and intelligent analysis algorithms such as
neural networks. This hinders the further intelligence of urban energy data and the development of var-
ious intelligent analyses including neural network analysis and cluster analysis, a gap also highlighted
by Guo (2024) [19] and Liu et al. (2023) [34]. The challenge of dynamic clustering represents a partic-
ularly complex barrier, as energy networks require continuous real-time restructuring under constantly
changing loads, generation, or policy constraints. Traditional clustering approaches lack the adaptabil-
ity required for such dynamic environments, where building energy clustering configurations must be
updated frequently to maintain optimal complementarity.

Current approaches fail to address these challenges due to fundamental limitations in their design
and implementation paradigms. The direct consequences of these failures are multifaceted: At the
technical level, grid systems not only bear additional power transmission losses, particularly during long-
distance transmission where energy loss rates increase significantly, but also face difficulties in voltage
regulation and frequency control caused by RES volatility. At the economic level, inefficient energy
allocation increases both temporal and economic costs of system operation, while grid fluctuations
require additional balancing services and reserve capacity, further escalating system operational costs.
At the equipment level, grid infrastructure faces congestion pressures, with critical equipment such as
transformers frequently experiencing overload conditions that not only affect power supply stability but
also accelerate equipment aging and increase maintenance costs. Additionally, Murphy et al. (2023)
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[39] emphasize that due to the lack of effective resource integration mechanisms, local grids cannot
fully utilize the synergistic effects of complementary resources to improve capacity factors, reduce
curtailment, and achieve cost synergies.

As Wang et al. (2016) [61], Vergados et al. (2016) [60], and Barone et al. (2023) [6] indicate in their
respective research, the root causes of these challenges lie in the limitations of traditional grid oper-
ation paradigms. Confronting the unpredictability of RES and the decentralization of energy produc-
tion, developing local energy communities represents a promising solution for minimizing power losses
and promoting sustainable energy practices [6]. This community-based energy management model
not only effectively addresses grid fluctuation issues caused by RES but also reduces long-distance
transmission losses through localized energy balancing mechanisms, thereby improving overall system
efficiency.

The primary research gap lies in the urgent need to address continuous real-time restructuring of energy
networksðdynamic clustering of buildings or resources under constantly changing loads, generation,
or policy constraints, as discussed by Hussain et al. (2019) [27]. While knowledge graphs provide
semantic clarity and graph neural networks offer advanced pattern recognition capabilities, maximiz-
ing the ontological consistency between knowledge graphs and GNNs for real-time clustering analysis
of energy systems remains inadequately explored. The complementary clustering problem holds sig-
nificant research value in urban energy networks as it can improve energy production and utilization
efficiency while optimizing power scheduling within the grid.

Key technical challenges that current implementations fail to address include: First, the standardiza-
tion of complementarity loss functions specifically tailored for energy applications, as existing general-
purpose GNN frameworks lack domain-specific optimization criteria (cf. Wu et al. 2021 [63]). Second,
the effective combination of Dynamic Time Warping (DTW) with GNN architectures for enhanced tem-
poral modeling in energy demand patterns, which is essential given the time-series nature of energy
consumption data (see also Zhang et al. 2021 [68]). Third, the development of standardized bench-
marks comparing complementarity metrics in energy contexts, as current evaluation frameworks do
not adequately capture the unique characteristics of energy system performance (related discussions
in Tsitsulin et al. 2023 [55] and Pelekis et al. 2023 [44]).

Additionally, physical grid constraints must be integrated into the clustering methodology. When build-
ings are powered by the same transformer, they should undergo complementary clustering while ad-
hering to real-world physical grid constraints. The clustering implementation must satisfy two critical
requirements: First, clustered buildings should be powered by the same transformer, ensuring compli-
ance with actual grid topology. Second, clustering should possess real-time characteristics, meaning
each time point in the time series should have different building energy clustering configurationsðin
this research.

Furthermore, current research lacks physics-informed GNN architectures that incorporate sufficient
domain knowledge specific to energy systems, federated learning approaches for privacy-preserving
clustering across multiple utilities, and real-time adaptation mechanisms for dynamic grid conditions.
These limitations prevent the full realization of GNN potential in energy management applications (com-
pare Pagnier & Chertkov, 2021 [43]; Authier et al., 2024 [4]).

To address these fundamental limitations, this research proposes a novel integration of knowledge
graphs (KG) and graph neural networks (GNN) for energy demand complementarity clustering. Knowl-
edge graphs provide a structured approach to representing and integrating complex and interconnected
data from diverse sources, offering a unified, semantically rich view of energy systems, as introduced
by Sajid (2023) [51]. They facilitate the integration of heterogeneous data and support advanced rea-
soning and query capabilities, which are crucial for managing the complexity of modern energy systems.
Knowledge graphs excel in managing dynamic heterogeneous data, capable of storing rich semantics
suitable for storing multi-level, multi-type energy network data, and can explicitly represent complex re-
lationships in urban energy systems, such as grid topological structures, supply-demand relationships,
and geographical adjacency relationships, according to Liu et al. (2023) [34] and Chen et al. (2022)
[11].



1.1. Background 4

Several studies have successfully utilized knowledge graphs and graph neural networks to enhance
energy systems. For example, Kimball (2024) [29] demonstrates how knowledge graphs can connect
different energy data sources, thereby improving interoperability. Furthermore, Fusco et al. (2020) [16]
discuss GNN frameworks for grid congestion prediction and market bidding services. These integra-
tions facilitate more intelligent and efficient energy management. GNNs are particularly suitable for
graph-based data and can perform complex tasks such as knowledge graph completion (KGC), pre-
dictive modeling, and real-time optimization. Liu (2024) [35] and Xu et al. (2023) [65] demonstrate
the effectiveness of GNNs in knowledge graph completion and real-time optimization, making them
powerful tools for addressing the dynamic characteristics of modern energy systems.

Knowledge Graphs (KGs) and Graph Neural Networks (GNNs) exhibit a fundamental ontological align-
ment in their representation of energy systems, as both paradigms are inherently predicated on the
graph-theoretic formalism. This ontological commitment manifests through their shared structural foun-
dation: energy networks are intrinsically modeled as graphs G = (V; E), where components (e.g.,
substations, generators, transformers) constitute vertices V and interconnections (e.g., transmission
lines, control relationships) form edges E .

As established by Liu et al. (2023) [34], KGs explicitly encode power systems as semantic graphs where
entities (nodes) and their relations (edges) incorporate domain-specific knowledge, operational con-
straints, and physical laws. Concurrently, Chen et al. (2022) [11] demonstrate that GNNs leverage this
identical topological structure to learn latent representations through message-passing mechanisms
across nodes and edges. This structural isomorphism enables direct mathematical compatibility:

Å KGs formalize domain knowledge as structured triples (h; r; t) � V � R � V (head, relation, tail),
capturing explicit semantics of power system entities and relationships (Liu et al., 2023 [34]).

Å GNNs exploit the adjacency matrix A and node features X derived from G to perform feature
propagation via H(l+1) = �

�
ÂH(l)W(l)

�
, learning implicit patterns from connectivity and at-

tributes (Chen et al., 2022 [11]).

This ontological convergence creates a theoretically grounded foundation for integration: the KGôs se-
mantic schema provides contextual constraints and reasoning rules, while GNNs offer inductive learn-
ing capabilities over the shared graph structure. Despite this intrinsic compatibility, current research
has not systematically unified KG-enhanced reasoning with GNN-based learning for complex energy
network tasksða gap noted in both reviews by Liu et al. (2023) [34] and Chen et al. (2022) [11]. Fu-
ture work should exploit this ontological symmetry to develop hybrid architectures where symbolic KG
reasoning guides subsymbolic GNN learning within a unified graph representation of energy infrastruc-
tures.

According to Hofer et al. (2023) [22], machine learning can benefit from KG as labeled training data,
thereby improving the quality and interpretability of AI decision-making, which means KG can support
data-driven AI energy analysis. Due to ontological consistency, GNNs can directly learn features on
knowledge graph structures. Knowledge graphs can also provide GNNs with rich semantic information
details of urban energy networks, such as grid topological structures, supply-demand relationships, and
geographical adjacency relationships. Therefore, their combination can bring tremendous intelligent
empowerment to urban energy network analysis. GNNs excel in handling various graph structure
problems, including clustering problems (see also Bose, 2017 [8]).

This research aims to bridge these gaps by exploring the combined application of knowledge graphs
and graph neural networks to enhance the efficiency, reliability, and sustainability of energy manage-
ment systems. The study seeks to leverage the strengths of both technologies, combined with ad-
vanced complementarity assessment metrics and physics-informed constraints, to develop a compre-
hensive data-driven approach for managing the complexity of modern energy systems. By addressing
these research gaps, this work provides new optimization and adaptability opportunities to tackle the
increasingly complex and interconnected nature of the global energy sector, positioning GNN-based
energy demand complementarity clustering as a transformative technology for future energy systems.

This research makes several key contributions to the field of intelligent energy management through
the integration of Knowledge Graphs and Graph Neural Networks: First, we establish a unified knowl-
edge graph architecture for energy network representation, identifying essential nodes, attributes, and
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edges required for effective KG construction from heterogeneous urban building spatial and non-spatial
energy datasets, with an automated pipeline ensuring comprehensive integration that reflects energy
system complexities. Second, we design and implement a novel integration methodology between
Knowledge Graphs and Graph Neural Networks for enhanced energy system analysis, developing
complementarity-awareGNNmodels with custom loss functions optimized tominimize peak-to-average
ratio, maximize self-consumption, and balance load curves through clustering learning based on com-
plementarity rather than similarity. Third, we determine optimal GNN approaches for time-based and
dynamic clustering within the Knowledge Graph framework by embedding physical constraints into
learning through adaptive clustering mechanisms, specifically addressing dynamic energy production
and demand pattern analysis in regional energy systems. Fourth, we establish comprehensive vali-
dation and benchmarking frameworks with quantitative metrics for complementarity assessment and
performance measurement of the integrated KG-GNN approach in energy system clustering applica-
tions. Finally, we demonstrate significant improvements in data accessibility, interoperability, and rela-
tional analytics for regional energy system management, providing a scalable solution that enhances
decision-making capabilities through the synergistic combination of knowledge representation and neu-
ral network architectures.

In summary, the challenges of data heterogeneity, temporal imbalance, and physical constraint in-
tegration collectively motivate the need for a unified analytical framework that can bridge semantic
representation and predictive learning. These motivations directly lead to the research objectives and
questions outlined in the following chapter.

This paper is organized as follows: Section 2 proposed research questions and research objectives.
Section 3 reviews related work in knowledge graph in energy systems, streaming data integration ar-
chitectures for knowledge graphs, machine learning on graphs, energy demand complementary, GNN-
based methods for dynamic clustering, and evaluation framework. Section 4 presents the methodology,
including the knowledge graph construction, GNN architecture design, and complementarity-aware
clustering algorithm. Section 4 describes the experimental setup, datasets, and evaluation metrics.
Section 5 presents and analyzes the experimental results, comparing our approach with current base-
lines. Section 6 discusses the implications of our findings, limitations, and future research directions.
Finally, Section 7 concludes the paper and summarizes the main contributions.



2
Research Objective

In this section, the research objective is claimed, the main research question and sub-questions are
defined, furthermore, the research scope (must, must not and could) is introduced.

This research addresses the fundamental challenge of improving data accessibility, interoperability,
and relational analytics in regional energy system management through the integration of Knowledge
Graphs (KG) and Graph Neural Networks (GNN). The research objectives encompass four primary
goals that directly correspond to the identified research questions.

First, to establish the foundational elements of energy network representation by identifying essential
nodes, attributes, and edges required for effective Knowledge Graph construction from urban building
spatial and non-spatial energy datasets. This involves developing a unified knowledge graph architec-
ture with an automated pipeline for constructing and updating knowledge graphs from heterogeneous
data sources, ensuring comprehensive integration that reflects energy system complexities.

Second, to design and implement the integration methodology between Knowledge Graphs and Graph
Neural Networks for enhanced energy system analysis and clustering. This includes developing complementarity-
aware GNN models with custom loss functions optimized to minimize peak-to-average ratio, maximize
self-consumption, and balance load curves, while creating a GNN architecture that performs clustering
learning based on complementarity rather than similarity.

Third, to determine optimal GNN approaches for time-based and dynamic clustering within the Knowl-
edge Graph framework by embedding physical constraints into learning through adaptive clustering
mechanisms, specifically focusing on dynamic energy production and demand pattern analysis.

Fourth, to establish comprehensive validation and benchmarking frameworks by developing quantita-
tivemetrics for complementarity assessment and performancemeasurement of the integrated KG-GNN
approach in energy system clustering applications.

Main Question: How can integrating a Knowledge Graph (KG) with a Graph Neural Network (GNN)
improve data accessibility, interoperability, and relational analytics (e.g., clustering, link prediction) for
the management of regional energy systems?

Sub-Questions:

1. What are the essential nodes, attributes, and edges to define in an energy network for effective
representation in a Knowledge Graph (KG)?

2. What is the process for constructing a Knowledge Graph (KG) based on urban building spatial and
non-spatial energy-related dataset, and how can the data be integrated to reflect the complexities
of the energy system?

6
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3. How can Knowledge Graphs (KGs) and Graph Neural Networks (GNNs) be combined to enhance
analysis and clustering in energy system models, including recommendations for optimal solar
panel deployment?

4. Which GNN approach best supports time-based or dynamic clustering in the KG, and how to
measure its performance?

This thesis is situated at the intersection of knowledge graph construction and graph neural network
modelling for urban energy systems. The scope of the research is defined by three dimensions: (i) the
system boundary, (ii) the methodological objectives, and (iii) the exclusions and potential extensions.

System boundary. The study focuses on abstracted representations of regional energy systems de-
rived from heterogeneous urban datasets. Entities such as buildings, low-voltage groups, solar panels,
and batteries are represented as nodes in a knowledge graph, while electrical or spatial relationships
(e.g., feeder membership, adjacency, transformer domain) are encoded as edges. The emphasis is
on the semantic and topological structure of the network rather than on hardware-level modelling of
physical circuits or devices.

Methodological objectives. The core deliverable is the integration of Knowledge Graphs (KGs)
with Graph Neural Networks (GNNs) to support:

Å Energy community discovery: identifying clusters of buildings that exhibit temporal complemen-
tarity in their demand and generation profiles while remaining consistent with LV feeder bound-
aries.

Å Decision-support indicators: producing interpretable outputs (e.g., SSR, SCR, complementar-
ity indices, and uncertainty bounds) that inform energy planning and community-scale interven-
tions.

Exclusions. The research does not address hardware implementation, physical circuit modelling, or
operational control of real distribution grids. Energy conservation techniques and behavioural energy-
saving mechanisms are also out of scope. Furthermore, reinforcement learning (RL) is not explored,
as the methodological focus is restricted to KG construction and GNN-based clustering and prediction.

Potential extensions. Subject to time and resources, the framework could be extended to additional
GNN tasks such as link prediction (e.g., inferringmissing relationships in the energy graph) and anomaly
detection (e.g., detecting inconsistent or unusual consumption profiles). These extensions would fur-
ther demonstrate the versatility of the KGïGNN architecture for energy system analysis and manage-
ment.

Having defined the research goals and scope, the next chapter reviews the state of the art in knowledge
graphs, graph neural networks, and energy clustering to identify existing solutions and methodological
gaps that inform the design of our framework.



3
Related Work

Knowledge graphs (KG) and graph neural networks (GNN), along with their integration, are receiving
widespread attention in the field of complex system analysis, as highlighted by Popadic et al. (2023)
[46], Li et al. (2023) [32], and Liu et al. (2024) [35]. These technologies provide innovative solutions
for managing the complex interconnected data characteristic of modern energy systems. However, the
effective integration of these technologies for energy system management requires a comprehensive
understanding of their individual capabilities, limitations, and synergistic potential. For example, KG-
based modules such as the LV-Group Boundary Enforcer explicitly guarantee that energy sharing does
not cross transformer boundaries, thereby embedding physical feasibility into the representation. In
contrast, GNN-based modules such as the Multi Hop Aggregator capture higher-order interactions by
propagating information across multiple hops, enabling the detection of demandïgeneration balancing
opportunities beyond immediate neighbors. When combined, as in the Temporal Evolution Predictor,
the KGïGNN integration allows long-term forecasting of community reorganization under staged solar
deployments, ensuring that predictions remain both physically consistent and dynamically adaptive to
new interventions.

This section systematically reviews the existing literature across six critical dimensions that directly ad-
dress the research questions posed in this study. First, we examine knowledge graph construction and
management approaches in energy systems to establish the foundation for addressing what essential
nodes, attributes, and edges are required for effective energy network representation. Second, we an-
alyze graph neural network applications in energy domains to understand which GNN approaches best
support time-based clustering and how their performance can be measured. Third, we investigate en-
ergy system clusteringmethodologies, with particular emphasis on complementarity-based approaches
versus traditional similarity-based methods, to inform the development of our complementarity-aware
clustering framework. Fourth, we explore the emerging field of KG-GNN integration to address the
central question of how these technologies can be combined to enhance analysis and clustering capa-
bilities. Fifth, we review approaches for incorporating physical constraints and real-world operational
requirements, as these directly impact the practical applicability of clustering solutions in actual grid in-
frastructures. Finally, we examine performance evaluation frameworks and benchmarking methodolo-
gies to establish appropriatemetrics for assessing the effectiveness of integrated KG-GNN approaches.

Knowledge graphs represent a fundamental paradigm shift in knowledge representation and manage-
ment, with their conceptual roots tracing back to ancient philosophical reasoning principles. As Chen
et al. (2020) [12] note, reasoning techniques have evolved from Aristotleôs syllogism in ancient Greece
through Lambda Calculus to modern intelligent computing platforms, with knowledge graphs repre-
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�F�D�S�D�E�L�O�L�W�\ �L�V �S�D�U�W�L�F�X�O�D�U�O�\ �Y�D�O�X�D�E�O�H �L�Q �G�L�V�W�U�L�E�X�W�H�G �H�Q�H�U�J�\ �V�\�V�W�H�P�V�� �Z�K�H�U�H �I�D�F�W�R�U�V �O�L�N�H �F�K�D�Q�J�L�Q�J �R�F�F�X�S�D�Q�W
�E�H�K�D�Y�L�R�U�� �W�K�H �L�Q�W�H�J�U�D�W�L�R�Q �R�I �Q�H�Z �G�L�V�W�U�L�E�X�W�H�G �H�Q�H�U�J�\ �U�H�V�R�X�U�F�H�V ���'�(�5�V���� �R�U �V�K�L�I�W�V �L�Q �S�R�O�L�F�\ �Q�H�F�H�V�V�L�W�D�W�H
�I�O�H�[�L�E�O�H �D�Q�G �U�H�V�S�R�Q�V�L�Y�H �V�\�V�W�H�P �F�R�Q�I�L�J�X�U�D�W�L�R�Q�V��

�0�R�U�H�R�Y�H�U�� �V�F�H�Q�D�U�L�R���E�D�V�H�G �H�P�E�H�G�G�L�Q�J�V �D�O�O�R�Z �I�R�U �D�Q�D�O�\�]�L�Q�J �K�R�Z �X�S�G�D�W�H�V �W�R �W�K�H �.�*�²�V�X�F�K �D�V �W�K�H �D�G�G�L��
�W�L�R�Q �R�I �Q�H�Z �'�(�5�V �R�U �R�F�F�X�S�D�Q�W �S�U�R�I�L�O�H�V�²�L�P�S�D�F�W �W�K�H �R�Y�H�U�D�O�O �Q�H�W�Z�R�U�N�� �%�\ �U�H���U�X�Q�Q�L�Q�J �*�1�1 �I�R�U�Z�D�U�G �S�D�V�V�H�V��
�W�K�H �V�\�V�W�H�P �F�D�Q �L�G�H�Q�W�L�I�\ �V�K�L�I�W�V �L�Q �F�O�X�V�W�H�U�V �R�U �O�L�Q�N �S�U�H�G�L�F�W�L�R�Q�V�� �H�Q�D�E�O�L�Q�J �D �P�R�U�H �Q�X�D�Q�F�H�G �X�Q�G�H�U�V�W�D�Q�G�L�Q�J
�R�I �G�\�Q�D�P�L�F �H�Q�H�U�J�\ �O�D�Q�G�V�F�D�S�H�V�� �7�K�L�V �U�H�V�H�D�U�F�K �I�R�F�X�V�H�V �R�Q �G�H�Y�H�O�R�S�L�Q�J �P�H�W�K�R�G�V �W�K�D�W �V�X�S�S�R�U�W �V�X�F�K �D�G�D�S��
�W�L�Y�H �S�U�R�F�H�V�V�H�V�� �O�D�\�L�Q�J �W�K�H �J�U�R�X�Q�G�Z�R�U�N �I�R�U �V�P�D�U�W�H�U�� �F�R�Q�W�H�[�W���D�Z�D�U�H �U�H�V�R�X�U�F�H �D�O�O�R�F�D�W�L�R�Q �D�Q�G �R�S�H�U�D�W�L�R�Q�D�O
�V�W�U�D�W�H�J�L�H�V �W�K�D�W �G�L�U�H�F�W�O�\ �D�G�G�U�H�V�V �W�K�H �P�D�L�Q �U�H�V�H�D�U�F�K �T�X�H�V�W�L�R�Q��

�������������4�L�]�W�M�G�W���-�R�J�S�V�Q�I�H �'�S�R�W�X�V�E�M�R�X �)�Q�F�I�H�H�M�R�K �M�R �+�2�2 �%�V�G�L�M�X�I�G�X�Y�V�I�W
�7�K�H �L�Q�W�H�J�U�D�W�L�R�Q �R�I �S�K�\�V�L�F�D�O �F�R�Q�V�W�U�D�L�Q�W�V �L�Q�W�R �*�U�D�S�K �1�H�X�U�D�O �1�H�W�Z�R�U�N �D�U�F�K�L�W�H�F�W�X�U�H�V �K�D�V �H�P�H�U�J�H�G �D�V �D �F�U�L�W��
�L�F�D�O �D�G�Y�D�Q�F�H�P�H�Q�W �I�R�U �H�Q�D�E�O�L�Q�J �S�U�D�F�W�L�F�D�O �G�H�S�O�R�\�P�H�Q�W �L�Q �U�H�D�O���Z�R�U�O�G �S�R�Z�H�U���V�\�V�W�H�P �D�S�S�O�L�F�D�W�L�R�Q�V�� �G�L�U�H�F�W�O�\
�V�X�S�S�R�U�W�L�Q�J �W�K�H �U�H�V�H�D�U�F�K �R�E�M�H�F�W�L�Y�H �R�I �H�P�E�H�G�G�L�Q�J �S�K�\�V�L�F�D�O �F�R�Q�V�W�U�D�L�Q�W�V �L�Q�W�R �O�H�D�U�Q�L�Q�J �W�K�U�R�X�J�K �D�G�D�S�W�L�Y�H �F�O�X�V��
�W�H�U�L�Q�J �P�H�F�K�D�Q�L�V�P�V�� �7�K�L�V �S�D�U�D�G�L�J�P �V�K�L�I�W �D�G�G�U�H�V�V�H�V �W�K�H �I�X�Q�G�D�P�H�Q�W�D�O �F�K�D�O�O�H�Q�J�H �R�I �H�Q�V�X�U�L�Q�J �W�K�D�W �O�H�D�U�Q�H�G
�U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �F�R�P�S�O�\ �Z�L�W�K �X�Q�G�H�U�O�\�L�Q�J �S�K�\�V�L�F�D�O �O�D�Z�V �Z�K�L�O�H �P�D�L�Q�W�D�L�Q�L�Q�J �F�R�P�S�X�W�D�W�L�R�Q�D�O �H�I�I�L�F�L�H�Q�F�\�²�D
�U�H�T�X�L�U�H�P�H�Q�W �H�V�V�H�Q�W�L�D�O �I�R�U �W�K�H �S�U�D�F�W�L�F�D�O �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �W�K�H �S�U�R�S�R�V�H�G �.�*�±�*�1�1 �I�U�D�P�H�Z�R�U�N��

�3�D�J�Q�L�H�U �D�Q�G �,�Q�J�H�O�U�H�V�W ������������ �>���� �@ �S�L�R�Q�H�H�U�H�G �W�K�H �G�L�U�H�F�W �H�P�E�H�G�G�L�Q�J �R�I �H�I�I�H�F�W�L�Y�H �S�R�Z�H�U���I�O�R�Z �P�R�G�H�O�V �L�Q�W�R



�������� �+�2�2���&�E�W�I�H �1�I�X�L�S�H�W �J�S�V �(�]�R�E�Q�M�G �'�P�Y�W�X�I�V�M�R�K ����

�Q�H�X�U�D�O �D�U�F�K�L�W�H�F�W�X�U�H�V�� �H�Q�D�E�O�L�Q�J �V�L�P�X�O�W�D�Q�H�R�X�V �U�H�F�R�Q�V�W�U�X�F�W�L�R�Q �R�I �S�K�\�V�L�F�D�O �S�D�U�D�P�H�W�H�U�V �V�X�F�K �D�V �D�G�P�L�W�W�D�Q�F�H�V
�Z�K�L�O�H �O�H�D�U�Q�L�Q�J �L�P�S�O�L�F�L�W �V�\�V�W�H�P �H�O�H�P�H�Q�W�V�� �7�K�L�V �S�K�\�V�L�F�V���L�Q�I�R�U�P�H�G �D�S�S�U�R�D�F�K �G�H�P�R�Q�V�W�U�D�W�H�V �V�X�S�H�U�L�R�U �S�H�U��
�I�R�U�P�D�Q�F�H�� �D�F�K�L�H�Y�L�Q�J �R�Y�H�U ������ �U�H�G�X�F�W�L�R�Q �L�Q �0�H�D�Q �6�T�X�D�U�H�G �(�U�U�R�U �F�R�P�S�D�U�H�G �Z�L�W�K �F�R�Q�Y�H�Q�W�L�R�Q�D�O �P�H�W�K�R�G�V��
�Z�K�L�O�H �J�X�D�U�D�Q�W�H�H�L�Q�J �S�K�\�V�L�F�V �F�R�P�S�O�L�D�Q�F�H �W�K�U�R�X�J�K�R�X�W �W�K�H �O�H�D�U�Q�L�Q�J �S�U�R�F�H�V�V�� �6�X�F�K �S�H�U�I�R�U�P�D�Q�F�H �L�P�S�U�R�Y�H��
�P�H�Q�W�V �G�L�U�H�F�W�O�\ �V�X�S�S�R�U�W �W�K�H �J�R�D�O �R�I �H�V�W�D�E�O�L�V�K�L�Q�J �F�R�P�S�U�H�K�H�Q�V�L�Y�H �Y�D�O�L�G�D�W�L�R�Q �D�Q�G �E�H�Q�F�K�P�D�U�N�L�Q�J �I�U�D�P�H��
�Z�R�U�N�V��

�%�X�L�O�G�L�Q�J �X�S�R�Q �W�K�H�V�H �I�R�X�Q�G�D�W�L�R�Q�V�� �$�X�W�K�L�H�U �H�W �D�O�� ������������ �>���@ �L�Q�W�U�R�G�X�F�H �D �F�R�P�S�U�H�K�H�Q�V�L�Y�H �S�K�\�V�L�F�V���L�Q�I�R�U�P�H�G
�D�U�F�K�L�W�H�F�W�X�U�H �F�R�P�S�U�L�V�L�Q�J �I�R�X�U �V�\�Q�H�U�J�L�V�W�L�F �F�R�P�S�R�Q�H�Q�W�V �W�K�D�W �D�O�L�J�Q �Z�L�W�K �W�K�L�V �U�H�V�H�D�U�F�K �P�H�W�K�R�G�R�O�R�J�\�� �P�H�V�V�D�J�H��
�S�D�V�V�L�Q�J �P�H�F�K�D�Q�L�V�P�V �Z�L�W�K �V�Z�L�W�F�K �J�D�W�H�V �W�K�D�W �P�R�G�H�O �G�L�V�F�U�H�W�H �R�S�H�U�D�W�L�R�Q�D�O �G�H�F�L�V�L�R�Q�V �D�V �F�R�Q�W�L�Q�X�R�X�V �Y�D�O��
�X�H�V�� �V�F�D�O�H���I�U�H�H �O�R�F�D�O �S�U�H�G�L�F�W�R�U�V �W�K�D�W �J�H�Q�H�U�D�O�L�]�H �H�I�I�H�F�W�L�Y�H�O�\ �D�F�U�R�V�V �G�L�Y�H�U�V�H �Q�H�W�Z�R�U�N �W�R�S�R�O�R�J�L�H�V�� �S�K�\�V�L�F�V��
�L�Q�I�R�U�P�H�G �U�R�X�Q�G�L�Q�J �O�D�\�H�U�V �W�K�D�W �H�P�E�H�G �R�S�H�U�D�W�L�R�Q�D�O �F�R�Q�V�W�U�D�L�Q�W�V �G�L�U�H�F�W�O�\ �L�Q�W�R �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �J�U�D�S�K�� �D�Q�G
�H�Q�G���W�R���H�Q�G �W�U�D�L�Q�L�Q�J �S�U�R�W�R�F�R�O�V �W�K�D�W �L�Q�F�R�U�S�R�U�D�W�H �.�L�U�F�K�K�R�I�I�¶�V �O�D�Z�V �D�V �I�X�Q�G�D�P�H�Q�W�D�O �D�U�F�K�L�W�H�F�W�X�U�D�O �F�R�Q�V�W�U�D�L�Q�W�V��
�7�K�L�V �K�R�O�L�V�W�L�F �D�S�S�U�R�D�F�K �H�Q�V�X�U�H�V �W�K�D�W �S�K�\�V�L�F�D�O �S�U�L�Q�F�L�S�O�H�V �D�U�H �Q�R�W �P�H�U�H�O�\ �S�R�V�W���S�U�R�F�H�V�V�L�Q�J �F�R�U�U�H�F�W�L�R�Q�V �E�X�W
�L�Q�W�H�J�U�D�O �F�R�P�S�R�Q�H�Q�W�V �R�I �W�K�H �O�H�D�U�Q�L�Q�J �G�\�Q�D�P�L�F�V��

�7�K�H �3�,�1�&�2 �I�U�D�P�H�Z�R�U�N �S�U�R�S�R�V�H�G �E�\ �9�D�U�E�H�O�O�D �H�W �D�O�� ������������ �>���� �@ �D�G�Y�D�Q�F�H�V �F�R�Q�V�W�U�D�L�Q�W �K�D�Q�G�O�L�Q�J �W�K�U�R�X�J�K
�V�R�S�K�L�V�W�L�F�D�W�H�G �S�H�Q�D�O�W�\ �P�H�W�K�R�G�V �F�R�P�E�L�Q�H�G �Z�L�W�K �$�X�J�P�H�Q�W�H�G �/�D�J�U�D�Q�J�L�D�Q �D�S�S�U�R�D�F�K�H�V�� �H�Q�D�E�O�L�Q�J �W�K�H �P�D�Q��
�D�J�H�P�H�Q�W �R�I �F�R�P�S�O�H�[ �F�R�Q�V�W�U�D�L�Q�W �V�H�W�V �L�Q�K�H�U�H�Q�W �L�Q �S�R�Z�H�U���V�\�V�W�H�P �R�S�W�L�P�L�]�D�W�L�R�Q�� �7�K�H �I�U�D�P�H�Z�R�U�N �I�R�U�P�X�O�D�W�H�V
�W�K�H �O�R�V�V �I�X�Q�F�W�L�R�Q �D�V��

L = f (x) + �
X

hi (x) + �
X

max(0; gj (x))2 ����������

�Z�K�H�U�H �H�T�X�D�O�L�W�\ �F�R�Q�V�W�U�D�L�Q�W�Vhi (x) �D�Q�G �L�Q�H�T�X�D�O�L�W�\ �F�R�Q�V�W�U�D�L�Q�W�Vgj (x) �D�U�H �V�H�D�P�O�H�V�V�O�\ �L�Q�W�H�J�U�D�W�H�G �Z�L�W�K �W�K�H
�S�U�L�P�D�U�\ �R�E�M�H�F�W�L�Y�Hf (x)�� �7�K�L�V �I�R�U�P�X�O�D�W�L�R�Q �H�Q�D�E�O�H�V �V�L�P�X�O�W�D�Q�H�R�X�V �K�D�Q�G�O�L�Q�J �R�I �W�U�D�Q�V�I�R�U�P�H�U���F�D�S�D�F�L�W�\ �O�L�P��
�L�W�V�� �W�U�D�Q�V�P�L�V�V�L�R�Q���O�L�Q�H �I�O�R�Z �F�R�Q�V�W�U�D�L�Q�W�V�� �Y�R�O�W�D�J�H �P�D�J�Q�L�W�X�G�H �E�R�X�Q�G�V�� �D�Q�G �1�±�� �F�R�Q�W�L�Q�J�H�Q�F�\ �U�H�T�X�L�U�H�P�H�Q�W�V
�Z�L�W�K�L�Q �W�K�H �*�1�1 �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�F�H�V�V�²�F�D�S�D�E�L�O�L�W�L�H�V �W�K�D�W �G�L�U�H�F�W�O�\ �V�X�S�S�R�U�W �W�K�H �R�E�M�H�F�W�L�Y�H �R�I �G�H�Y�H�O�R�S�L�Q�J
�F�R�P�S�O�H�P�H�Q�W�D�U�L�W�\���D�Z�D�U�H �*�1�1 �P�R�G�H�O�V �Z�L�W�K �F�X�V�W�R�P �O�R�V�V �I�X�Q�F�W�L�R�Q�V��

�5�H�F�H�Q�W �G�H�Y�H�O�R�S�P�H�Q�W�V �L�Q �G�L�I�I�H�U�H�Q�W�L�D�E�O�H �R�S�W�L�P�L�]�D�W�L�R�Q �O�D�\�H�U�V �O�H�Y�H�U�D�J�H �.�D�U�X�V�K�±�.�X�K�Q�±�7�X�F�N�H�U ���.�.�7�� �F�R�Q��
�G�L�W�L�R�Q�V �D�Q�G �W�K�H �L�P�S�O�L�F�L�W �I�X�Q�F�W�L�R�Q �W�K�H�R�U�H�P �W�R �H�Q�D�E�O�H �E�D�F�N�S�U�R�S�D�J�D�W�L�R�Q �W�K�U�R�X�J�K �K�D�U�G �F�R�Q�V�W�U�D�L�Q�W�V�� �H�I�I�H�F��
�W�L�Y�H�O�\ �W�U�H�D�W�L�Q�J �F�R�Q�V�W�U�D�L�Q�W �V�D�W�L�V�I�D�F�W�L�R�Q �D�V �D �G�L�I�I�H�U�H�Q�W�L�D�E�O�H �R�S�H�U�D�W�L�R�Q�� �D�V �H�[�S�O�D�L�Q�H�G �E�\ �*�D�R �H�W �D�O�� ������������
�>���� �@�� �7�K�H�V�H �P�H�W�K�R�G�R�O�R�J�L�F�D�O �D�G�Y�D�Q�F�H�V �K�D�Y�H �E�H�H�Q �Y�D�O�L�G�D�W�H�G �D�F�U�R�V�V �S�R�Z�H�U���V�\�V�W�H�P �Q�H�W�Z�R�U�N�V �U�D�Q�J�L�Q�J
�I�U�R�P �,�(�(�( �������E�X�V �W�H�V�W �F�D�V�H�V �W�R �O�D�U�J�H���V�F�D�O�H �����������E�X�V �V�\�V�W�H�P�V�� �G�H�P�R�Q�V�W�U�D�W�L�Q�J �F�R�P�S�X�W�D�W�L�R�Q�D�O �V�S�H�H�G �L�P��
�S�U�R�Y�H�P�H�Q�W�V �R�I �X�S �W�R �����î �F�R�P�S�D�U�H�G �Z�L�W�K �F�R�Q�Y�H�Q�W�L�R�Q�D�O �R�S�W�L�P�L�]�D�W�L�R�Q �P�H�W�K�R�G�V �Z�K�L�O�H �P�D�L�Q�W�D�L�Q�L�Q�J �V�R�O�X�W�L�R�Q
�T�X�D�O�L�W�\ �D�Q�G �F�R�Q�V�W�U�D�L�Q�W �F�R�P�S�O�L�D�Q�F�H��

�������������7�T�I�G�M�E�P�M�^�I�H �+�2�2 �%�V�G�L�M�X�I�G�X�Y�V�I�W �J�S�V �'�S�Q�T�P�I�Q�I�R�X�E�V�M�X�] �'�P�Y�W�X�I�V�M�R�K
�5�H�F�H�Q�W �D�G�Y�D�Q�F�H�V �L�Q �*�1�1 �D�U�F�K�L�W�H�F�W�X�U�H�V �K�D�Y�H �H�Q�D�E�O�H�G �V�R�S�K�L�V�W�L�F�D�W�H�G �F�O�X�V�W�H�U�L�Q�J �W�H�F�K�Q�L�T�X�H�V �V�S�H�F�L�I�L�F�D�O�O�\
�G�H�V�L�J�Q�H�G �I�R�U �H�Q�H�U�J�\���F�R�P�S�O�H�P�H�Q�W�D�U�L�W�\ �D�Q�D�O�\�V�L�V�� �G�L�U�H�F�W�O�\ �D�G�G�U�H�V�V�L�Q�J �W�K�H �U�H�V�H�D�U�F�K �R�E�M�H�F�W�L�Y�H �R�I �F�U�H�D�W�L�Q�J
�*�1�1 �D�U�F�K�L�W�H�F�W�X�U�H�V �W�K�D�W �S�H�U�I�R�U�P �F�O�X�V�W�H�U�L�Q�J �O�H�D�U�Q�L�Q�J �E�D�V�H�G �R�Q �F�R�P�S�O�H�P�H�Q�W�D�U�L�W�\ �U�D�W�K�H�U �W�K�D�Q �V�L�P�L�O�D�U�L�W�\��
�8�Q�O�L�N�H �W�U�D�G�L�W�L�R�Q�D�O �K�R�P�R�S�K�L�O�\���E�D�V�H�G �D�S�S�U�R�D�F�K�H�V�� �W�K�H�V�H �V�S�H�F�L�D�O�L�]�H�G �I�U�D�P�H�Z�R�U�N�V �H�[�S�O�L�F�L�W�O�\ �P�R�G�H�O �K�H�W��
�H�U�R�S�K�L�O�L�F �U�H�O�D�W�L�R�Q�V�K�L�S�V �Z�K�H�U�H �F�R�Q�Q�H�F�W�H�G �Q�R�G�H�V �H�[�K�L�E�L�W �F�R�P�S�O�H�P�H�Q�W�D�U�\ �E�H�K�D�Y�L�R�U�V�²�F�U�L�W�L�F�D�O �I�R�U �L�G�H�Q�W�L�I�\��
�L�Q�J �V�\�Q�H�U�J�L�V�W�L�F �H�Q�H�U�J�\���F�R�Q�V�X�P�S�W�L�R�Q �S�D�W�W�H�U�Q�V �E�H�W�Z�H�H�Q �U�H�V�L�G�H�Q�W�L�D�O �D�Q�G �L�Q�G�X�V�W�U�L�D�O �F�R�Q�V�X�P�H�U�V�� �D�V �G�H�P�R�Q��
�V�W�U�D�W�H�G �E�\ �5�D�Z�D�O �H�W �D�O�� ������������ �>���� �@��

�+�H�W�H�U�R�S�K�L�O�\ �0�R�G�H�O�L�Q�J �I�R�U �(�Q�H�U�J�\ �&�R�P�S�O�H�P�H�Q�W�D�U�L�W�\���7�K�H �5�)�$���*�1�1 �I�U�D�P�H�Z�R�U�N �S�U�R�S�R�V�H�G �E�\ �:�X �H�W
�D�O�� ������������ �>���� �@ �D�G�G�U�H�V�V�H�V �E�R�W�K �K�H�W�H�U�R�S�K�L�O�\ �D�Q�G �K�H�W�H�U�R�J�H�Q�H�L�W�\ �W�K�U�R�X�J�K �U�H�O�D�W�L�R�Q���E�D�V�H�G �I�U�H�T�X�H�Q�F�\ �D�G�D�S�W�D��
�W�L�R�Q�� �G�\�Q�D�P�L�F�D�O�O�\ �D�G�M�X�V�W�L�Q�J �D�J�J�U�H�J�D�W�L�R�Q �Z�H�L�J�K�W�V �E�D�V�H�G �R�Q �Q�R�G�H���S�D�L�U �U�H�O�D�W�L�R�Q�V�K�L�S�V�� �7�K�L�V �H�Q�D�E�O�H�V �V�L�P�X�O��
�W�D�Q�H�R�X�V �P�R�G�H�O�L�Q�J �R�I �F�R�P�S�O�H�P�H�Q�W�D�U�\�� �F�R�U�U�H�O�D�W�L�Y�H�� �D�Q�G �L�Q�G�H�S�H�Q�G�H�Q�W �H�Q�H�U�J�\ �E�H�K�D�Y�L�R�U�V �Z�L�W�K�L�Q �D �X�Q�L�I�L�H�G
�D�U�F�K�L�W�H�F�W�X�U�H��
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�������� �+�2�2���&�E�W�I�H �1�I�X�L�S�H�W �J�S�V �(�]�R�E�Q�M�G �'�P�Y�W�X�I�V�M�R�K ����

�Z�K�H�U�H� r
ij �G�H�Q�R�W�H�V �I�U�H�T�X�H�Q�F�\���D�G�D�S�W�L�Y�H �F�R�H�I�I�L�F�L�H�Q�W�V �I�R�U �U�H�O�D�W�L�R�Q �W�\�S�Hr �� �7�K�L�V �D�S�S�U�R�D�F�K �D�F�K�L�H�Y�H�V ����������

�K�L�J�K�H�U �D�F�F�X�U�D�F�\ �W�K�D�Q �K�R�P�R�S�K�L�O�\���E�D�V�H�G �*�1�1�V �L�Q �H�Q�H�U�J�\���F�R�P�S�O�H�P�H�Q�W�D�U�L�W�\ �L�G�H�Q�W�L�I�L�F�D�W�L�R�Q�� �D�V �U�H�S�R�U�W�H�G �E�\
�5�D�Z�D�O �H�W �D�O�� ������������ �>���� �@�� �G�H�P�R�Q�V�W�U�D�W�L�Q�J �W�K�H �S�U�D�F�W�L�F�D�O �E�H�Q�H�I�L�W�V �R�I �W�K�H �S�U�R�S�R�V�H�G �P�H�W�K�R�G�R�O�R�J�\�� �1�H�J�D�W�L�Y�H
�P�H�V�V�D�J�H���S�D�V�V�L�Q�J �W�H�F�K�Q�L�T�X�H�V �I�X�U�W�K�H�U �H�Q�K�D�Q�F�H �W�K�L�V �E�\ �H�[�S�O�L�F�L�W�O�\ �H�Q�F�R�X�U�D�J�L�Q�J �G�L�V�V�L�P�L�O�D�U �H�P�E�H�G�G�L�Q�J�V �I�R�U
�F�R�Q�Q�H�F�W�H�G �Q�R�G�H�V �Z�L�W�K �F�R�P�S�O�H�P�H�Q�W�D�U�\ �F�R�Q�V�X�P�S�W�L�R�Q �S�D�W�W�H�U�Q�V�� �G�L�U�H�F�W�O�\ �V�X�S�S�R�U�W�L�Q�J �W�K�H �J�R�D�O �R�I �P�D�[�L�P�L�]�L�Q�J
�V�H�O�I���F�R�Q�V�X�P�S�W�L�R�Q �D�Q�G �E�D�O�D�Q�F�L�Q�J �O�R�D�G �F�X�U�Y�H�V��

�6�S�D�W�L�R���7�H�P�S�R�U�D�O �$�U�F�K�L�W�H�F�W�X�U�H�V �I�R�U �'�\�Q�D�P�L�F �(�Q�H�U�J�\ �1�H�W�Z�R�U�N�V���)�R�U �G�\�Q�D�P�L�F �H�Q�H�U�J�\ �Q�H�W�Z�R�U�N�V�� �I�U�D�P�H��
�Z�R�U�N�V �O�L�N�H �0�*���6�7�*�&�1 �L�Q�W�H�J�U�D�W�H �P�X�O�W�L���V�F�D�O�H �V�S�D�W�L�R���W�H�P�S�R�U�D�O �G�H�S�H�Q�G�H�Q�F�L�H�V �W�K�U�R�X�J�K �S�D�U�D�O�O�H�O �J�U�D�S�K���F�R�Q�Y�R�O�X�W�L�R�Q
�E�U�D�Q�F�K�H�V�� �D�G�G�U�H�V�V�L�Q�J �W�K�H �I�R�X�U�W�K �U�H�V�H�D�U�F�K �V�X�E���T�X�H�V�W�L�R�Q �U�H�J�D�U�G�L�Q�J �R�S�W�L�P�D�O �*�1�1 �D�S�S�U�R�D�F�K�H�V �I�R�U �W�L�P�H��
�E�D�V�H�G �F�O�X�V�W�H�U�L�Q�J�� �:�K�H�Q �D�S�S�O�L�H�G �W�R �Q�D�W�X�U�D�O �J�D�V �W�U�D�Q�V�P�L�V�V�L�R�Q �V�\�V�W�H�P�V�� �0�*���6�7�*�&�1 �D�F�K�L�H�Y�H�V ����������
�O�R�Z�H�U �0�$�( �W�K�D�Q �V�W�D�Q�G�D�U�G �6�7�*�&�1 �P�R�G�H�O�V �E�\ �F�D�S�W�X�U�L�Q�J �E�R�W�K �V�K�R�U�W���W�H�U�P �I�O�X�F�W�X�D�W�L�R�Q�V �D�Q�G �V�H�D�V�R�Q�D�O �S�D�W��
�W�H�U�Q�V�� �D�V �G�H�P�R�Q�V�W�U�D�W�H�G �E�\ �3�H�O�H�N�L�V �H�W �D�O�� ������������ �>���� �@��

�6�L�P�L�O�D�U�O�\�� �W�K�H �'�6�7�* ���'�\�Q�D�P�L�F �6�S�D�W�L�R���7�H�P�S�R�U�D�O �*�U�D�S�K�� �I�U�D�P�H�Z�R�U�N �H�P�S�O�R�\�V �G�X�D�O���V�F�D�O�H �W�H�P�S�R�U�D�O �P�R�G�H�O��
�L�Q�J �Z�L�W�K �D�G�D�S�W�L�Y�H �J�U�D�S�K �O�H�D�U�Q�L�Q�J�� �D�F�K�L�H�Y�L�Q�J �D ������������ �L�P�S�U�R�Y�H�P�H�Q�W �L�Q �Z�L�Q�G���S�R�Z�H�U �I�R�U�H�F�D�V�W�L�Q�J �D�F�F�X�U�D�F�\
�W�K�U�R�X�J�K �L�W�V �K�L�H�U�D�U�F�K�L�F�D�O �D�W�W�H�Q�W�L�R�Q �P�H�F�K�D�Q�L�V�P�� �D�V �U�H�S�R�U�W�H�G �E�\ �%�H�N�H�O�H �H�W �D�O�� ������������ �>���@��
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�Z�K�H�U�HQ��K �� �D�Q�GV �G�H�Q�R�W�H �T�X�H�U�\�� �N�H�\�� �D�Q�G �Y�D�O�X�H �P�D�W�U�L�F�H�V �O�H�D�U�Q�H�G �I�U�R�P �P�X�O�W�L���U�H�V�R�O�X�W�L�R�Q �W�L�P�H �V�H�U�L�H�V��
�7�K�L�V �F�D�S�D�E�L�O�L�W�\ �G�L�U�H�F�W�O�\ �V�X�S�S�R�U�W�V �W�K�H �R�E�M�H�F�W�L�Y�H �R�I �G�H�W�H�U�P�L�Q�L�Q�J �R�S�W�L�P�D�O �*�1�1 �D�S�S�U�R�D�F�K�H�V �I�R�U �W�L�P�H���E�D�V�H�G
�D�Q�G �G�\�Q�D�P�L�F �F�O�X�V�W�H�U�L�Q�J �Z�L�W�K�L�Q �W�K�H �.�Q�R�Z�O�H�G�J�H �*�U�D�S�K �I�U�D�P�H�Z�R�U�N��

�'�L�I�I�H�U�H�Q�W�L�D�E�O�H �&�O�X�V�W�H�U�L�Q�J �I�R�U �(�Q�G���W�R���(�Q�G �2�S�W�L�P�L�]�D�W�L�R�Q���(�Q�G���W�R���H�Q�G �F�O�X�V�W�H�U �R�S�W�L�P�L�]�D�W�L�R�Q �L�V �H�Q�D�E�O�H�G
�W�K�U�R�X�J�K �G�L�I�I�H�U�H�Q�W�L�D�E�O�H �P�R�G�X�O�D�U�L�W�\ �Q�H�W�Z�R�U�N�V ���'�0�R�1�� �L�Q�W�U�R�G�X�F�H�G �E�\ �7�V�L�W�V�X�O�L�Q �H�W �D�O�� ������������ �>���� �@�� �S�U�R�Y�L�G�L�Q�J
�W�K�H �W�H�F�K�Q�L�F�D�O �I�R�X�Q�G�D�W�L�R�Q �I�R�U �D�G�D�S�W�L�Y�H �F�O�X�V�W�H�U�L�Q�J �P�H�F�K�D�Q�L�V�P�V�� �7�K�H �'�0�R�1 �O�R�V�V �I�X�Q�F�W�L�R�Q �M�R�L�Q�W�O�\ �R�S�W�L�P�L�]�H�V
�P�R�G�X�O�D�U�L�W�\ �D�Q�G �F�O�X�V�W�H�U �G�L�V�S�H�U�V�L�R�Q��

L �'�0�R�1 = �
1

2m
�7�U(C> BC ) +

p
k

n

�
�
�
�
�

X

i

C i

�
�
�
�
�
F

� 1 ����������

�Z�K�H�U�HC �L�V �W�K�H �F�O�X�V�W�H�U �D�V�V�L�J�Q�P�H�Q�W �P�D�W�U�L�[ �D�Q�GB �W�K�H �P�R�G�X�O�D�U�L�W�\ �P�D�W�U�L�[�� �5�H�F�H�Q�W �H�[�W�H�Q�V�L�R�Q�V ���'�0�R�1���'�3�5��
�L�Q�F�R�U�S�R�U�D�W�H �G�L�Y�H�U�V�L�W�\���S�U�H�V�H�U�Y�L�Q�J �U�H�J�X�O�D�U�L�]�D�W�L�R�Q �W�R �P�D�[�L�P�L�]�H �L�Q�W�H�U���F�O�X�V�W�H�U �I�H�D�W�X�U�H �V�H�S�D�U�D�W�L�R�Q�� �F�U�L�W�L�F�D�O �I�R�U
�L�G�H�Q�W�L�I�\�L�Q�J �G�L�V�W�L�Q�F�W �F�R�P�S�O�H�P�H�Q�W�D�U�L�W�\ �J�U�R�X�S�V�� �2�S�H�Q���V�R�X�U�F�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�V �D�F�K�L�H�Y�H ������ �K�L�J�K�H�U �1�0�,
�W�K�D�Q �F�R�Q�Y�H�Q�W�L�R�Q�D�O �S�R�R�O�L�Q�J �P�H�W�K�R�G�V �L�Q �H�Q�H�U�J�\���F�R�P�P�X�Q�L�W�\ �G�H�W�H�F�W�L�R�Q�� �D�F�F�R�U�G�L�Q�J �W�R �7�V�L�W�V�X�O�L�Q �H�W �D�O�� ������������
�>���� �@�� �G�H�P�R�Q�V�W�U�D�W�L�Q�J �W�K�H �S�U�D�F�W�L�F�D�O �Y�L�D�E�L�O�L�W�\ �R�I �W�K�H �S�U�R�S�R�V�H�G �D�S�S�U�R�D�F�K��

�0�X�O�W�L���2�E�M�H�F�W�L�Y�H �2�S�W�L�P�L�]�D�W�L�R�Q �I�R�U �&�R�P�S�U�H�K�H�Q�V�L�Y�H �(�Q�H�U�J�\ �0�D�Q�D�J�H�P�H�Q�W���+�\�E�U�L�G �I�U�D�P�H�Z�R�U�N�V �F�R�P��
�E�L�Q�H �*�1�1 �F�O�X�V�W�H�U�L�Q�J �Z�L�W�K �3�D�U�H�W�R �R�S�W�L�P�L�]�D�W�L�R�Q �W�R �E�D�O�D�Q�F�H �F�R�P�S�H�W�L�Q�J �R�E�M�H�F�W�L�Y�H�V �W�K�D�W �G�L�U�H�F�W�O�\ �D�O�L�J�Q �Z�L�W�K
�W�K�H �U�H�V�H�D�U�F�K �J�R�D�O�V��

�‡�&�R�P�S�O�H�P�H�Q�W�D�U�L�W�\���0�D�[�L�P�L�]�L�Q�J �R�I�I���S�H�D�N �F�R�Q�V�X�P�S�W�L�R�Q �D�O�L�J�Q�P�H�Q�W��

�‡�3�U�R�[�L�P�L�W�\���0�L�Q�L�P�L�]�L�Q�J �J�U�L�G �W�U�D�Q�V�P�L�V�V�L�R�Q �O�R�V�V�H�V��

�‡�(�F�R�Q�R�P�L�F �9�L�D�E�L�O�L�W�\���2�S�W�L�P�L�]�L�Q�J �/�&�2�( ���/�H�Y�H�O�L�]�H�G �&�R�V�W �R�I �(�Q�H�U�J�\����

�‡�*�U�L�G �&�R�Q�V�W�U�D�L�Q�W�V���(�Q�I�R�U�F�L�Q�J �Y�R�O�W�D�J�H �D�Q�G �I�U�H�T�X�H�Q�F�\ �V�W�D�E�L�O�L�W�\��

�%�\ �P�D�L�Q�W�D�L�Q�L�Q�J �D �3�D�U�H�W�R �I�U�R�Q�W �R�I �Q�R�Q���G�R�P�L�Q�D�W�H�G �V�R�O�X�W�L�R�Q�V�� �W�K�H�V�H �I�U�D�P�H�Z�R�U�N�V �H�Q�D�E�O�H �R�S�H�U�D�W�R�U�V �W�R �H�Y�D�O��
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�'�(�5 �I�O�D�J�V�� �H�Q�H�U�J�\ �O�D�E�H�O�V���� �W�H�P�S�R�U�D�O �G�H�V�F�U�L�S�W�R�U�V ���S�H�D�N���K�R�X�U �G�L�V�S�H�U�V�L�R�Q���� �D�Q�G �V�L�P�S�O�H �Q�H�W�Z�R�U�N �V�X�U�U�R�J�D�W�H�V
���G�L�V�W�D�Q�F�H �W�R �W�U�D�Q�V�I�R�U�P�H�U�� �W�U�D�Q�V�I�R�U�P�H�U �X�W�L�O�L�V�D�W�L�R�Q���� �)�R�U�P�X�O�D�V �E�H�O�R�Z �U�H�S�U�R�G�X�F�H �W�K�H �V�F�R�U�L�Q�J �O�R�J�L�F��

���D���2�Y�H�U�D�O�O �'�L�Y�H�U�V�L�W�\ �,�Q�G�H�[ �����±�������)�R�U �E�X�L�O�G�L�Q�J���W�\�S�H�� �W�H�P�S�R�U�D�O�� �J�H�Q�H�U�D�W�L�R�Q�� �V�L�]�H�� �O�D�E�H�O�� �D�Q�G �R�F�F�X�S�D�Q�F�\
�G�L�Y�H�U�V�L�W�\�� �G�H�Q�R�W�H �W�K�H �Q�R�U�P�D�O�L�V�H�G �V�X�E���V�F�R�U�H�V �E�\D �W�\�S�H; D �W�H�P�S; D �J�H�Q; D �V�L�]�H; D �O�D�E�H�O; D �R�F�F2 [0; 1]�� �7�K�H
�F�R�P�S�R�V�L�W�H �L�Q�G�H�[ �L�V

DI = 10
�
0:25D �W�\�S�H+ 0 :20D �W�H�P�S+ 0 :20D �J�H�Q+ 0 :10D �V�L�]�H+ 0 :15D �O�D�E�H�O+ 0 :10D �R�F�F

�
:

�+�H�U�HD �W�\�S�H�D�Q�GD �O�D�E�H�O�D�U�H �Q�R�U�P�D�O�L�V�H�G �H�Q�W�U�R�S�L�H�V��D �W�H�P�S�G�H�U�L�Y�H�V �I�U�R�P �S�H�D�N���K�R�X�U �G�L�V�S�H�U�V�L�R�Q��D �J�H�Q�U�H��
�I�O�H�F�W�V �S�U�R�V�X�P�H�U �V�K�D�U�H ���P�D�[�L�P�D�O �Q�H�D�U ����������D �V�L�]�H�D�Q�GD �R�F�F�X�W�L�O�L�V�H �F�R�H�I�I�L�F�L�H�Q�W�V �R�I �Y�D�U�L�D�W�L�R�Q��

���E���,�Q�W�H�U�Y�H�Q�W�L�R�Q �S�U�L�R�U�L�W�\ �����±�������/�H�WR �E�H �U�H�W�U�R�I�L�W �S�R�W�H�Q�W�L�D�O ���S�R�R�U �O�D�E�H�O�V �V�K�D�U�H����S �V�R�O�D�U �S�R�W�H�Q�W�L�D�O ���D�Y�D�L�O�D�E�O�H
�U�R�R�I �V�K�D�U�H����H �K�H�D�W���S�X�P�S �V�X�L�W�D�E�L�O�L�W�\ ���V�K�D�U�H �R�I �$�±�& �O�D�E�H�O�V �Z�L�W�K�R�X�W �K�H�D�W �S�X�P�S�V����B �E�D�W�W�H�U�\ �R�S�S�R�U�W�X�Q�L�W�\
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���V�K�D�U�H �R�I �V�R�O�D�U �Z�L�W�K�R�X�W �E�D�W�W�H�U�\����U �W�K�H �F�R�X�Q�W �R�I �(���)���* �E�X�L�O�G�L�Q�J�V ���F�D�S�S�H�G �Y�L�D �D�Q �X�U�J�H�Q�F�\ �I�D�F�W�R�U���� �D�Q�G
E �H�F�R�D�Q �H�F�R�Q�R�P�L�F �Y�L�D�E�L�O�L�W�\ �I�D�F�W�R�U�� �7�K�H �V�F�R�U�H �L�V

IP = 10 E �H�F�R

�
0:30R + 0 :25S + 0 :20H + 0 :15B + 0 :10 min(U=10; 1)

�
:

���F���*�U�L�G �R�S�W�L�P�L�V�D�W�L�R�Q �S�R�W�H�Q�W�L�D�O �����±�������:�L�W�K �S�H�D�N �F�R�L�Q�F�L�G�H�Q�F�HC ���V�K�D�U�H �R�I �E�X�L�O�G�L�Q�J�V �S�H�D�N�L�Q�J �D�W �W�K�H
�P�R�G�D�O �K�R�X�U���� �W�U�D�Q�V�I�R�U�P�H�U �O�R�D�G�L�Q�JL ���Q�R�U�P�D�O�L�V�H�G �W�R �F�D�S�D�F�L�W�\���� �H�V�W�L�P�D�W�H�G �O�L�Q�H �O�R�V�V�H�VL ` ���G�L�V�W�D�Q�F�H
�V�X�U�U�R�J�D�W�H���� �D�Q�G �Y�R�O�W�D�J�H �V�W�D�E�L�O�L�W�\V ���Q�R�U�P�D�O�L�V�H�G����

GOP = 10
�

0:40C + 0 :20 (1� j 0:7 � L j) + 0 :20 min(L ` =0:1; 1) + 0 :20 (1� V )
�

:

�+�L�J�K�H�UC �D�Q�GL ` �L�P�S�O�\ �O�D�U�J�H�U �L�P�S�U�R�Y�H�P�H�Q�W �K�H�D�G�U�R�R�P�� �P�R�G�H�U�D�W�HL �L�V �S�U�H�I�H�U�U�H�G�� �S�R�R�UV �L�Q�G�L�F�D�W�H�V
�V�W�D�E�L�O�L�V�D�W�L�R�Q �S�R�W�H�Q�W�L�D�O��

���G���&�R�P�S�O�H�P�H�Q�W�D�U�L�W�\ �V�X�L�W�D�E�L�O�L�W�\ �����±�������8�V�L�Q�JDI ���U�H�V�F�D�O�H�G �W�R[0; 1]���� �S�H�D�N �F�R�L�Q�F�L�G�H�Q�F�HC�� �D �O�R�D�G�L�Q�J
�I�D�F�W�R�Uf L = min( L=0:3; 1)�� �D�Q�G �D �S�U�R�[�L�P�L�W�\ �I�D�F�W�R�Uf P = 1 � min(L ` =0:1; 1)��

CS = 10
�

0:40 DI
10 + 0 :30C + 0 :20f L + 0 :10f P

�
;

�F�D�S�W�X�U�L�Q�J �W�K�D�W �G�L�Y�H�U�V�H�� �V�X�I�I�L�F�L�H�Q�W�O�\ �O�R�D�G�H�G�� �D�Q�G �V�S�D�W�L�D�O�O�\ �F�R�P�S�D�F�W �J�U�R�X�S�V �D�U�H �E�H�W�W�H�U �F�D�Q�G�L�G�D�W�H�V �I�R�U
�F�R�P�S�O�H�P�H�Q�W�D�U�L�W�\���G�U�L�Y�H�Q �F�O�X�V�W�H�U�L�Q�J��

�7�K�U�H�H �V�H�O�H�F�W�L�R�Q �F�U�L�W�H�U�L�D�$�Q �/�9 �J�U�R�X�S �T�X�D�O�L�I�L�H�V �I�R�U �W�K�H �F�D�Q�G�L�G�D�W�H �V�H�W �L�I �L�W �V�D�W�L�V�I�L�H�V �W�K�H �I�R�O�O�R�Z�L�Q�J �U�H�T�X�L�U�H��
�P�H�Q�W�V�� �W�K�U�H�V�K�R�O�G�V �U�H�S�O�L�F�D�W�H �W�K�H �G�H�I�D�X�O�W �F�R�Q�I�L�J�X�U�D�W�L�R�Q �X�V�H�G �L�Q �W�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q��

�L���'�L�Y�H�U�V�L�W�\ �D�Q�G �F�R�P�S�O�H�P�H�Q�W�D�U�L�W�\ �Y�L�D�E�L�O�L�W�\��DI � 5:0 �D�Q�GCS � 6:0 �����±���� �V�F�D�O�H�V���� �H�Q�V�X�U�L�Q�J �K�H�W�H�U�R��
�J�H�Q�H�R�X�V �G�H�P�D�Q�G �S�U�R�I�L�O�H�V �D�Q�G �Y�L�D�E�O�H �W�H�P�S�R�U�D�O �R�I�I�V�H�W�V �Z�L�W�K�L�Q �W�U�D�Q�V�I�R�U�P�H�U �E�R�X�Q�G�D�U�L�H�V��

�L�L���,�Q�W�H�U�Y�H�Q�W�L�R�Q �O�H�Y�H�U�D�J�H �R�U �X�U�J�H�Q�F�\��IP � 6:0 �R�UU > 5�� �S�U�L�R�U�L�W�L�V�L�Q�J �J�U�R�X�S�V �Z�K�H�U�H �F�R�R�U�G�L�Q�D�W�H�G
�U�H�W�U�R�I�L�W�V�� �V�R�O�D�U���E�D�W�W�H�U�\ �G�H�S�O�R�\�P�H�Q�W�� �R�U �K�H�D�W���S�X�P�S �U�R�O�O�R�X�W �S�U�R�G�X�F�H �V�\�V�W�H�P���O�H�Y�H�O �E�H�Q�H�I�L�W�V �D�Q�G �D�G�G�U�H�V�V
�F�R�P�S�O�L�D�Q�F�H �U�L�V�N��

�L�L�L���*�U�L�G �R�S�W�L�P�L�V�D�W�L�R�Q �O�H�Y�H�U�D�J�H �D�Q�G �I�H�D�V�L�E�L�O�L�W�\��GOP � 5:0�� �Z�L�W�K �W�U�D�Q�V�I�R�U�P�H�U �O�R�D�G�L�Q�J �L�Q �D �S�U�D�F�W�L�F�D�O
�Z�L�Q�G�R�Z0:3 � L � 0:85 �D�Q�G �O�L�Q�H���O�R�V�V �V�X�U�U�R�J�D�W�HL ` � 0:10�� �V�R �W�K�D�W �G�H�P�D�Q�G �V�K�D�S�L�Q�J�� �V�W�R�U�D�J�H�� �R�U �3�9
�V�L�W�L�Q�J �D�U�H �E�R�W�K �Q�H�H�G�H�G �D�Q�G �I�H�D�V�L�E�O�H �Z�L�W�K�R�X�W �X�Q�U�H�D�O�L�V�W�L�F �U�H�L�Q�I�R�U�F�H�P�H�Q�W �D�V�V�X�P�S�W�L�R�Q�V��

�3�R�U�W�I�R�O�L�R �U�D�Q�N�L�Q�J �D�Q�G �V�D�P�S�O�H �D�V�V�H�P�E�O�\�$�O�O �/�9 �J�U�R�X�S�V �Z�L�W�K�L�Q �W�K�H �J�H�R�J�U�D�S�K�L�F �V�F�R�S�H �D�U�H �H�Y�D�O�X�D�W�H�G
�D�Q�G �U�D�Q�N�H�G �E�\ �D �F�R�P�S�R�V�L�W�H �V�F�R�U�H

�2�Y�H�U�D�O�O= 0 :30DI + 0 :30IP + 0 :20GOP + 0 :20CS;

�W�K�H�Q �I�L�O�W�H�U�H�G �E�\ �W�K�H �D�E�R�Y�H �F�U�L�W�H�U�L�D�� �7�K�H �I�L�Q�D�O �U�H�V�H�D�U�F�K �V�D�P�S�O�H �L�V �W�K�H �X�Q�L�R�Q �R�I �E�X�L�O�G�L�Q�J�V �I�U�R�P �W�K�H �W�R�S��
�U�D�Q�N�H�G �/�9 �J�U�R�X�S�V �X�Q�W�L�O �W�K�H �F�X�P�X�O�D�W�L�Y�H �F�R�X�Q�W �U�H�D�F�K�H�V �����±�������� �7�K�L�V �\�L�H�O�G�V �D �W�U�D�F�W�D�E�O�H �V�D�P�S�O�H �W�K�D�W ���L��
�U�H�I�O�H�F�W�V �U�H�D�O�L�V�W�L�F �L�Q�I�U�D�V�W�U�X�F�W�X�U�H �E�R�X�Q�G�D�U�L�H�V�� ���L�L�� �U�H�W�D�L�Q�V �O�R�D�G���J�H�Q�H�U�D�W�L�R�Q �K�H�W�H�U�R�J�H�Q�H�L�W�\ �I�R�U �F�R�P�S�O�H�P�H�Q�W�D�U��
�L�W�\ �D�Q�D�O�\�V�L�V�� �D�Q�G ���L�L�L�� �F�R�Q�F�H�Q�W�U�D�W�H�V �S�R�O�L�F�\���U�H�O�H�Y�D�Q�W �L�Q�W�H�U�Y�H�Q�W�L�R�Q�V�� �7�L�H�V �D�U�H �U�H�V�R�O�Y�H�G �L�Q �I�D�Y�R�X�U �R�I �J�U�R�X�S�V
�Z�L�W�K �K�L�J�K�H�U �W�H�P�S�R�U�D�O �G�L�Y�H�U�V�L�W�\ �D�Q�G �O�D�U�J�H�U �S�U�R�S�R�U�W�L�R�Q�V �R�I �F�D�Q�G�L�G�D�W�H �S�U�R�V�X�P�H�U�V�� �W�R �P�D�[�L�P�L�V�H �W�K�H �L�G�H�Q�W�L�I�L��
�D�E�L�O�L�W�\ �R�I �F�R�P�S�O�H�P�H�Q�W�D�U�L�W�\ �H�I�I�H�F�W�V��

�2�S�H�U�D�W�L�R�Q�D�O �F�R�Q�V�W�U�D�L�Q�W�V�7�Z�R �V�D�I�H�J�X�D�U�G�V �D�U�H �H�Q�I�R�U�F�H�G�� ������ �D�W�U�D�Q�V�I�R�U�P�H�U���E�R�X�Q�G�D�U�\ �F�R�Q�V�W�U�D�L�Q�W�²
�R�Q�O�\ �E�X�L�O�G�L�Q�J�V �V�H�U�Y�H�G �E�\ �W�K�H �V�D�P�H �0�9���/�9 �W�U�D�Q�V�I�R�U�P�H�U �D�U�H �J�U�R�X�S�H�G �I�R�U �F�R�P�S�O�H�P�H�Q�W�D�U�L�W�\ �D�Q�D�O�\�V�L�V�� ������
�D�V�F�D�O�H �F�R�Q�V�W�U�D�L�Q�W�² �H�[�W�U�H�P�H�O�\ �V�P�D�O�O �/�9 �J�U�R�X�S�V �D�U�H �H�[�F�O�X�G�H�G ���G�H�I�D�X�O�W �P�L�Q�L�P�X�P �W�K�U�H�H �E�X�L�O�G�L�Q�J�V �S�H�U
�J�U�R�X�S���� �Z�K�L�O�H �H�[�F�H�V�V�L�Y�H�O�\ �O�D�U�J�H �F�R�Q�J�O�R�P�H�U�D�W�L�R�Q�V �L�Q�G�L�F�D�W�L�Q�J �G�D�W�D �D�J�J�U�H�J�D�W�L�R�Q �D�Q�R�P�D�O�L�H�V �D�U�H �I�O�D�J�J�H�G
�D�Q�G �Q�R�W �F�R�Q�V�L�G�H�U�H�G �X�Q�W�L�O �E�R�X�Q�G�D�U�\ �L�Q�F�R�Q�V�L�V�W�H�Q�F�L�H�V �D�U�H �U�H�V�R�O�Y�H�G�� �7�K�H�V�H �F�R�Q�V�W�U�D�L�Q�W�V �H�Q�V�X�U�H �W�K�D�W �F�O�X�V�W�H�U
�I�R�U�P�D�W�L�R�Q�� �H�Y�D�O�X�D�W�L�R�Q�� �D�Q�G �V�X�E�V�H�T�X�H�Q�W �P�R�G�H�O�O�L�Q�J �U�H�P�D�L�Q �S�K�\�V�L�F�D�O�O�\ �L�Q�W�H�U�S�U�H�W�D�E�O�H �D�Q�G �G�L�U�H�F�W�O�\ �D�F�W�L�R�Q�D�E�O�H
�Z�L�W�K�L�Q �G�L�V�W�U�L�E�X�W�L�R�Q���J�U�L�G �S�U�D�F�W�L�F�H��



�������� �7�X�Y�H�] �E�V�I�E �W�I�P�I�G�X�M�S�R ����

�������������)�P�I�G�X�V�M�G�E�P �M�R�J�V�E�W�X�V�Y�G�X�Y�V�I �L�M�I�V�E�V�G�L�]
�5�H�F�H�Q�W �V�W�X�G�L�H�V �S�U�R�Y�L�G�H �T�X�D�Q�W�L�W�D�W�L�Y�H �E�H�Q�F�K�P�D�U�N�V �I�R�U �W�\�S�L�F�D�O �/�9 �Q�H�W�Z�R�U�N �V�L�]�H�V �L�Q �(�X�U�R�S�H �D�Q�G �W�K�H �1�H�W�K�H�U��
�O�D�Q�G�V�� �(�P�S�L�U�L�F�D�O �H�Y�L�G�H�Q�F�H �V�K�R�Z�V �W�K�D�W �/�9 �I�H�H�G�H�U�V �J�H�Q�H�U�D�O�O�\ �V�H�U�Y�H �E�H�W�Z�H�H�Q ���� �D�Q�G ������ �F�X�V�W�R�P�H�U�V
�G�H�S�H�Q�G�L�Q�J �R�Q �X�U�E�D�Q �G�H�Q�V�L�W�\�� �'�X�W�F�K �/�9 �Q�H�W�Z�R�U�N�V �R�I�W�H�Q �V�X�S�S�O�\ �������±������ �K�R�X�V�H�K�R�O�G�V �L�Q �X�U�E�D�Q �V�H�W�W�L�Q�J�V��
�D�Q�G �F�R�P�P�R�Q �0�9���/�9 �W�U�D�Q�V�I�R�U�P�H�U �F�D�S�D�F�L�W�L�H�V �U�D�Q�J�H �I�U�R�P ������ �W�R ������ �N�9�$�� �Z�L�W�K �D�Q �D�Y�H�U�D�J�H �F�R�Q�Q�H�F�W�L�R�Q �F�D��
�S�D�F�L�W�\ �R�I ���±�� �N�9�$ �S�H�U �K�R�X�V�H�K�R�O�G�� �,�Q �$�P�V�W�H�U�G�D�P �D�Q�G �R�W�K�H�U �'�X�W�F�K �X�U�E�D�Q �D�U�H�D�V�� �H�P�S�L�U�L�F�D�O �Y�D�O�X�H�V �U�D�Q�J�H
�E�H�W�Z�H�H�Q ���� �D�Q�G ������ �E�X�L�O�G�L�Q�J�V �S�H�U �W�U�D�Q�V�I�R�U�P�H�U��

�7�K�H �Q�H�W�Z�R�U�N �D�G�K�H�U�H�V �W�R �W�K�H �D�F�W�X�D�O �'�X�W�F�K �J�U�L�G �V�W�U�X�F�W�X�U�H�� �Z�K�H�U�H �H�Q�H�U�J�\ �F�R�P�P�X�Q�L�W�L�H�V �D�U�H �E�R�X�Q�G�H�G �E�\
�V�K�D�U�H�G �L�Q�I�U�D�V�W�U�X�F�W�X�U�H �O�D�\�H�U�V�� �D�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H������ �E�\ �D �8�0�/ �G�L�D�J�U�D�P��

�‡�+�9 ���K�L�J�K �Y�R�O�W�D�J�H�� �Q�H�W�Z�R�U�N�� �7�U�D�Q�V�P�L�V�V�L�R�Q���O�H�Y�H�O �E�D�F�N�E�R�Q�H��

�‡�6�X�E�V�W�D�W�L�R�Q�V�� �,�Q�W�H�U�I�D�F�H�V �F�R�Q�Q�H�F�W�L�Q�J �+�9 �W�R �0�9��

�‡�0�9 ���P�H�G�L�X�P �Y�R�O�W�D�J�H�� �Q�H�W�Z�R�U�N�� �5�H�J�L�R�Q�D�O �G�L�V�W�U�L�E�X�W�L�R�Q �W�K�U�R�X�J�K �F�D�E�O�H �J�U�R�X�S�V��

�‡�7�U�D�Q�V�I�R�U�P�H�U�V ���0�9���/�9 �V�W�D�W�L�R�Q�V���� �&�U�L�W�L�F�D�O �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q �S�R�L�Q�W�V �H�Q�D�E�O�L�Q�J �H�Q�H�U�J�\ �V�K�D�U�L�Q�J��

�‡�/�9 ���O�R�Z �Y�R�O�W�D�J�H�� �Q�H�W�Z�R�U�N�� �)�L�Q�D�O �G�L�V�W�U�L�E�X�W�L�R�Q �W�R �H�Q�G �X�V�H�U�V��

�‡�%�X�L�O�G�L�Q�J�V�� �(�Q�G �F�R�Q�V�X�P�H�U�V �F�R�Q�Q�H�F�W�H�G �W�R �/�9 �I�H�H�G�H�U�V��
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�)�L�J�X�U�H ���������8�0�/ �R�Y�H�U�Y�L�H�Z �R�I �G�D�W�D�V�H�W �H�Q�W�L�W�L�H�V �D�Q�G �U�H�O�D�W�L�R�Q�V�K�L�S�V �X�V�H�G �I�R�U �J�U�D�S�K �D�V�V�H�P�E�O�\ ���E�X�L�O�G�L�Q�J�V�� �/�9 �F�D�E�O�H �J�U�R�X�S�V�� �0�9
�W�U�D�Q�V�I�R�U�P�H�U�V�� �V�X�E�V�W�D�W�L�R�Q�V�� �D�Q�G �D�G�M�D�F�H�Q�F�\ �F�O�X�V�W�H�U�V����
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�7�K�H �R�S�H�U�D�W�L�R�Q�D�O �G�R�P�D�L�Q �R�I �W�K�L�V �V�W�X�G�\ �L�V �W�K�H �/�9 �Q�H�W�Z�R�U�N�� �&�R�P�P�X�Q�L�W�L�H�V �D�U�H �I�H�D�V�L�E�O�H �R�Q�O�\ �D�P�R�Q�J �E�X�L�O�G��
�L�Q�J�V �W�K�D�W �V�K�D�U�H �W�K�H �V�D�P�H �/�9 �I�H�H�G�H�U ���F�D�E�O�H �J�U�R�X�S���� �&�R�Q�V�H�T�X�H�Q�W�O�\�� �W�K�H �J�U�D�S�K �X�V�H�G �I�R�U �O�H�D�U�Q�L�Q�J �F�R�P�S�U�L�V�H�V
�W�Z�R �D�F�W�L�Y�H �O�D�\�H�U�V���"�m�B�H�/�B�M�;�Q�R�G�H�V �D�Q�G �W�K�H�L�U �S�D�U�H�Q�W�*���#�H�2�:�`�Q�m�T�� �8�S�V�W�U�H�D�P �F�R�P�S�R�Q�H�Q�W�V ���W�U�D�Q�V�I�R�U�P�H�U�V��
�V�X�E�V�W�D�W�L�R�Q�V�� �D�U�H �H�[�F�O�X�G�H�G �I�U�R�P �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �J�U�D�S�K �D�Q�G �D�S�S�H�D�U �R�Q�O�\ �D�V �L�Q�W�H�J�U�L�W�\ �F�R�Q�V�W�U�D�L�Q�W�V �L�Q �S�U�H��
�S�U�R�F�H�V�V�L�Q�J ���H���J���� �X�Q�L�T�X�H�Q�H�V�V �F�K�H�F�N�V���� �$�F�F�R�U�G�L�Q�J�O�\�� �W�K�H �J�H�R�V�S�D�W�L�D�O �G�D�W�D �S�U�R�F�H�V�V�L�Q�J �L�Q �4�*�,�6 �L�V �U�H�V�W�U�L�F�W�H�G
�W�R �E�X�L�O�G�L�Q�J�V�� �/�9 �V�W�D�W�L�R�Q�V�� �D�Q�G �/�9 �F�D�E�O�H�V�� �Z�K�L�O�H �K�L�J�K�H�U���O�H�Y�H�O �0�9 �D�Q�G �+�9 �V�W�U�X�F�W�X�U�H�V �D�U�H �Q�R�W �F�R�Q�V�L�G�H�U�H�G
�L�Q �W�K�H �Q�H�W�Z�R�U�N �D�V�V�H�P�E�O�\ �R�U �F�O�X�V�W�H�U�L�Q�J �Y�D�O�L�G�D�W�L�R�Q��

�)�X�U�W�K�H�U�P�R�U�H�� �)�L�J�X�U�H�V������ �D�Q�G������ �V�K�R�Z �H�[�D�P�S�O�H �D�W�W�U�L�E�X�W�H �W�D�E�O�H�V �I�U�R�P �4�*�,�6 �I�R�U ���L�� �D �Q�R�Q���U�H�V�L�G�H�Q�W�L�D�O �E�X�L�O�G��
�L�Q�J �D�Q�G ���L�L�� �D�Q �/�9 �J�U�R�X�S �V�W�D�W�L�R�Q�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �7�K�H�V�H �W�D�E�O�H�V �G�H�P�R�Q�V�W�U�D�W�H �W�K�H �D�Y�D�L�O�D�E�O�H �P�H�W�D�G�D�W�D �X�V�H�G
�L�Q �Q�H�W�Z�R�U�N �D�V�V�H�P�E�O�\ �D�Q�G �Y�D�O�L�G�D�W�L�R�Q�� �7�K�H �E�X�L�O�G�L�Q�J �U�H�F�R�U�G�V �F�R�Q�W�D�L�Q �J�H�R�P�H�W�U�L�F�� �I�X�Q�F�W�L�R�Q�D�O�� �F�R�Q�Q�H�F�W�L�Y�L�W�\��
�U�H�O�D�W�H�G �I�L�H�O�G�V ���H���J�����+�Q�M�M�2�+�i�B�Q�M�n�i�v�T�2���� �Z�K�L�O�H �W�K�H �/�9 �J�U�R�X�S �V�W�D�W�L�R�Q �U�H�F�R�U�G�V �L�Q�F�O�X�G�H �Y�R�O�W�D�J�H �O�H�Y�H�O�� �V�W�D�W�L�R�Q
�W�\�S�H�� �F�R�Q�Q�H�F�W�L�R�Q �W�\�S�H�� �F�D�O�F�X�O�D�W�H�G �S�U�R�[�L�P�L�W�\ �P�H�W�U�L�F�V�� �D�Q�G �V�R �R�Q�� �7�R�J�H�W�K�H�U�� �W�K�H�V�H �D�W�W�U�L�E�X�W�H �W�D�E�O�H�V �X�Q�G�H�U�S�L�Q
�W�K�H �V�W�U�X�F�W�X�U�H�G �L�Q�W�H�J�U�D�W�L�R�Q �R�I �H�Q�W�L�W�L�H�V �L�Q�W�R �W�K�H �/�9 �Q�H�W�Z�R�U�N �J�U�D�S�K��

�)�L�J�X�U�H ���������(�[�D�P�S�O�H �4�*�,�6 �D�W�W�U�L�E�X�W�H �W�D�E�O�H �I�R�U �D �E�X�L�O�G�L�Q�J �H�Q�W�L�W�\ ���Q�R�Q���U�H�V�L�G�H�Q�W�L�D�O�� �V�K�R�Z�L�Q�J �F�R�Q�Q�H�F�W�L�Y�L�W�\ �S�D�U�D�P�H�W�H�U�V����
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�)�L�J�X�U�H ���������(�[�D�P�S�O�H �4�*�,�6 �D�W�W�U�L�E�X�W�H �W�D�E�O�H �I�R�U �D�Q �/�9 �J�U�R�X�S �V�W�D�W�L�R�Q �H�Q�W�L�W�\ ���V�K�R�Z�L�Q�J �Y�R�O�W�D�J�H �O�H�Y�H�O�� �V�W�D�W�L�R�Q �W�\�S�H�� �D�Q�G �F�R�Q�Q�H�F�W�L�R�Q
�G�H�W�D�L�O�V����

�������������)�R�I�V�K�] �G�S�Q�T�P�I�Q�I�R�X�E�V�M�X�] �M�R �H�M�W�X�V�M�F�Y�X�M�S�R �R�I�X�[�S�V�O�W
�$ �F�H�Q�W�U�D�O �F�R�Q�F�H�S�W �L�V�H�Q�H�U�J�\ �F�R�P�S�O�H�P�H�Q�W�D�U�L�W�\�� �G�H�I�L�Q�H�G �D�V �W�K�H �W�H�P�S�R�U�D�O �R�I�I�V�H�W �E�H�W�Z�H�H�Q �J�H�Q�H�U�D�W�L�R�Q���U�L�F�K
�D�Q�G �G�H�P�D�Q�G���K�H�D�Y�\ �Q�R�G�H�V�� �&�R�P�S�O�H�P�H�Q�W�D�U�L�W�\ �P�D�Q�L�I�H�V�W�V �Z�K�H�Q �O�R�D�G �S�H�D�N�V �R�I �R�Q�H �E�X�L�O�G�L�Q�J �F�R�L�Q�F�L�G�H �Z�L�W�K
�S�U�R�G�X�F�W�L�R�Q �V�X�U�S�O�X�V�H�V �R�I �D�Q�R�W�K�H�U�� �W�K�H�U�H�E�\ �U�H�G�X�F�L�Q�J �D�J�J�U�H�J�D�W�H �S�H�D�N�V �D�W �W�K�H �W�U�D�Q�V�I�R�U�P�H�U �O�H�Y�H�O�� �)�R�U�P�D�O�O�\��
�F�R�P�S�O�H�P�H�Q�W�D�U�L�W�\ �F�D�Q �E�H �T�X�D�Q�W�L�I�L�H�G �D�V �W�K�H �Q�H�J�D�W�L�Y�H �F�R�U�U�H�O�D�W�L�R�Q �R�I �Q�H�W �O�R�D�G �S�U�R�I�L�O�H�V��

Cij = � corr
�
L i (t); L j (t)

�
:

�7�K�H �W�U�D�Q�V�I�R�U�P�H�U �E�R�X�Q�G�D�U�\ �F�R�Q�V�W�L�W�X�W�H�V �W�K�H �S�U�L�P�D�U�\ �G�R�P�D�L�Q �I�R�U �F�R�P�S�O�H�P�H�Q�W�D�U�L�W�\ �D�Q�D�O�\�V�L�V�� �H�Q�H�U�J�\ �V�K�D�U��
�L�Q�J �L�V �R�Q�O�\ �I�H�D�V�L�E�O�H �Z�L�W�K�L�Q �E�X�L�O�G�L�Q�J�V �F�R�Q�Q�H�F�W�H�G �W�R �W�K�H �V�D�P�H �/�9 �W�U�D�Q�V�I�R�U�P�H�U�� �7�K�H �V�W�X�G�\ �L�V �F�R�Q�V�W�U�D�L�Q�H�G
�W�R �R�S�H�U�D�W�L�R�Q�D�O �F�O�X�V�W�H�U�V �G�H�I�L�Q�H�G �E�\ �W�U�D�Q�V�I�R�U�P�H�U���E�D�V�H�G �/�9 �I�H�H�G�H�U�V�� �3�U�L�R�U �U�H�V�H�D�U�F�K �E�\ �+�R�O�Z�H�J�H�U �H�W �D�O��
������������ �>���� �@ �L�Q�G�L�F�D�W�H�V �W�K�D�W �H�Q�H�U�J�\ �V�K�D�U�L�Q�J �Z�L�W�K�L�Q �W�U�D�Q�V�I�R�U�P�H�U �G�R�P�D�L�Q�V �L�V �I�H�D�V�L�E�O�H �L�Q �W�K�H �O�R�Z���Y�R�O�W�D�J�H �J�U�L�G
�F�R�Q�W�H�[�W�� �Z�K�H�U�H�D�V �F�U�R�V�V���W�U�D�Q�V�I�R�U�P�H�U �V�K�D�U�L�Q�J �Z�R�X�O�G �H�Q�W�D�L�O �V�L�J�Q�L�I�L�F�D�Q�W �U�H�L�Q�I�R�U�F�H�P�H�Q�W �F�R�V�W�V �D�Q�G �L�Q�I�U�D�V�W�U�X�F��
�W�X�U�H �X�S�J�U�D�G�H�V�� �U�H�Q�G�H�U�L�Q�J �L�W �J�H�Q�H�U�D�O�O�\ �L�P�S�U�D�F�W�L�F�D�O �X�Q�G�H�U �F�X�U�U�H�Q�W �G�L�V�W�U�L�E�X�W�L�R�Q �J�U�L�G �F�R�Q�I�L�J�X�U�D�W�L�R�Q�V�� �&�R�Q��
�V�H�T�X�H�Q�W�O�\�� �W�K�H �P�H�W�K�R�G�R�O�R�J�L�F�D�O �I�U�D�P�H�Z�R�U�N �V�W�U�L�F�W�O�\ �H�Q�I�R�U�F�H�V �L�Q�W�U�D���W�U�D�Q�V�I�R�U�P�H�U �F�O�X�V�W�H�U�L�Q�J �D�Q�G �H�[�F�O�X�G�H�V
�F�U�R�V�V���W�U�D�Q�V�I�R�U�P�H�U �J�U�R�X�S�L�Q�J �I�U�R�P �Q�H�W�Z�R�U�N �G�H�V�L�J�Q �D�Q�G �W�U�D�L�Q�L�Q�J��

�,�Q �W�K�H �L�P�S�O�H�P�H�Q�W�H�G �*�1�1�� �F�R�P�S�O�H�P�H�Q�W�D�U�L�W�\ �L�V �O�H�D�U�Q�H�G �X�V�L�Q�J �P�X�O�W�L���K�H�D�G �D�W�W�H�Q�W�L�R�Q �W�K�D�W �U�H�Z�H�L�J�K�W�V �P�H�V��
�V�D�J�H �S�D�V�V�L�Q�J �E�D�V�H�G �R�Q �W�H�P�S�R�U�D�O �D�O�L�J�Q�P�H�Q�W �D�Q�G �V�S�D�W�L�D�O �S�U�R�[�L�P�L�W�\�� �7�K�L�V �D�O�O�R�Z�V �W�K�H �P�R�G�H�O �W�R �F�D�S�W�X�U�H
�G�\�Q�D�P�L�F �V�S�D�W�L�R���W�H�P�S�R�U�D�O �G�H�S�H�Q�G�H�Q�F�L�H�V �E�H�\�R�Q�G �V�L�P�S�O�H �S�D�L�U�Z�L�V�H �F�R�U�U�H�O�D�W�L�R�Q�V�� �D �P�H�F�K�D�Q�L�V�P �L�Q�V�S�L�U�H�G �E�\
�D�W�W�H�Q�W�L�R�Q���E�D�V�H�G �J�U�D�S�K �O�H�D�U�Q�L�Q�J �D�S�S�U�R�D�F�K�H�V �S�U�R�S�R�V�H�G �E�\ �9�H�O�L�þ�N�R�Y�L�ü �H�W �D�O�� ������������ �>���� �@�� �:�X �H�W �D�O�� ������������
�>���� �@�� �D�Q�G �=�K�D�Q�J �H�W �D�O�� ������������ �>���� �@��
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�L�F�D�O �F�R�Q�V�W�U�D�L�Q�W�V �J�R�Y�H�U�Q �W�K�H �I�H�D�V�L�E�O�H �I�R�U�P�D�W�L�R�Q �R�I �H�Q�H�U�J�\ �F�R�P�P�X�Q�L�W�L�H�V�� �7�K�H�V�H �F�R�Q�V�W�U�D�L�Q�W�V �P�R�Y�H �E�H�\�R�Q�G
�S�X�U�H�O�\ �R�S�H�U�D�W�L�R�Q�D�O �U�X�O�H�V �D�Q�G �F�D�S�W�X�U�H �W�K�H �V�\�V�W�H�P�L�F �S�U�L�Q�F�L�S�O�H�V �W�K�D�W �H�Q�V�X�U�H �E�R�W�K �H�O�H�F�W�U�L�F�D�O �F�R�Q�V�L�V�W�H�Q�F�\ �D�Q�G
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